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FOREi.JORi)

Corrtrol  Datars CYBERNI1T Service offers the PROSE programming language on
CDC CYBER Computer Systems funct ioning under the Scope, KRONOS and NOS
oPerat ing systems. PROSB is a progranuning - language r{ i th intr insic,  ful ly-
integrated fac. i l i t ies for general  purpose prograrrming, calculus programming,
and simulat ion. The language is specif ical ly designed to serve the needs
of  eng ineer ing ,  sc ien t i f i c ,  and bus lness  prob lem so lvers ,  and i t  covers  the
sPect rum f rom s imp le  a r i thmet ic  ca lcu la t ions  to  the  de ta i led  ana lys is  o f
la rge-sca le ,  conp lex  sys tems.  The to ta l  scope o f  the  language is  i l l us t ra ted
below.

PROSE LANGUAGE

CALCULUS

. OPERATIONS

GENBRAL PURPOSE OPEMTIONS

(PROCBDUML AND DEBUGGING)

uery hr)gh Leuel
progratnni,ng

high Teuel
prognanrning

Support ing the language is a l ibrary of problen solut ion teehniques and a
program management system designed to simpl i fy t l re overal l  program dcvelopnr:nE
process

In the dornain of general  purpose programming, PROSE provides the faci l i t ies
necessary  to  o rgan ize  a  p rob le rn  in to  i t s  log ica l  b locks ,  to  spec i fy  the  sequence
of  s teps  requ i red  to  a r r i ve  a t  i cs  so lu t ion ,  and to  spec i fy  de ta i led  ou tpu t
repor ts .  The types  o f  opera t ions  covered are :

.  o Simple ar i thmetic and algebra

o Vector /mat r ix  a lgebra

e Convenient input and output
'  o Program logic path analysls

o Varlable audit ing ancl t rapping

Tt rese  
" "p ib i l i t i es  

a lso  fo rm the  bas is  fo r  the  representa t ion  o f  the  equat lons
and models employed in calculus prograrnmirrg.

The caLcu lus  opera t ions  are  concc : :ned bo th  w l th  p rob lems in  d i f f c ren t ia l  and
lntegral  calculus aud r* ' j - t l r  a var i-ety o.f  general  ei lgebraic problems rvhose solu[ ion

techn iques  rcqu i re  the  va l .ues  o f  der lva t ives .  A  par t ia l -  l i s t  o f  the  types  o f
ca lcu la t ions  and thc j . r  re la tcd  prob lem areas  is  as  fo j . lows:

o  Computa t lon  o f  f  l r s t  an t l  sec .ond order  ana ly t i c  der lva t lves ,  wt t l rou t

any  l in r i t  on  the  r r r rn rbcr  o f  < lcpcnder rC or :  i .ndependent  var lab lcs  c r r

o n  t h c  c o r n p l c x i t l ' o f  t h e i r  r c l a r i o n s h i p s

:LJ 1.



C o m p u t a t i o n  o f  d e f i n i t e  l n t e g r a l s  ( n u n e r l c a l  q u a d r a t u r e )

Evaluat lon of rnaxlnra and minlma of funct lons with no l lmlt  on funct lon
complex l ty  o r  d imens iona l i t y

o  So luE lon  o f  sys tems o f  a lgebra ic  equat lons  o f  a rb l t ra ry  number ,  bo th
l lnear and nonl lnear and both expl ic l t  ancl  impJ. lc lL

o  Data  match ing  and assoc iaEed s rar is t i ca l  ana lys is

o Nonl lnear mult . id imensional regression

o Er ror  sens i t i v i t y  ana lys is

o Sol-ut ion of systerns of ordinary dl f ferent ial  equat lons ( lnl t la l  value
problems) of unl iur i ted nunber and order

o  So lu t lon  o f  sysEems o f  i rnp l i c i t  d i f fe ren t ia l  equat ions

o So lu t ion  o f  ln tegro-d i f fe ren t la l  equat ions

o 'Solut ion of mult ipoinE boundary val_ue problens

o Lineal programming

o Nonl inear programming, both unconstrained and subject to arbi trary
combinat ions of l inear or nonl inear equat ions and inequal i ty constralnts

o Optimal control  problems

The following PRosE manuals are avaiLable through locar cDc safes o f f i c e s :

generalo  -a  descr lp t ion  o f
purpose operat ions

o PROSE Calculrrs Operat ions Manlal--a descr ipt lon of
calculus operatd.ons

o

o

o PROSE General Infgrrnat ion Manual--a general  introduct ion
to PROSE and i ts appl icat ions

PROSE Calculus Appl icar ions Guide--a comprehensive repertoire of
appl icat ion problens (over 30 worked problems and the complete
PROSE programs) enabling one who is unfarniliar Eo l-earn by exarnple
without extensive study

PROSE batch Svstem Guide--a descr ipt ion of the batch execut lve
Program PREP and f i le managemenE system
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INTRODUCTION

A LANGUAGE WITH BUILT-IN NUI,IERICAL TOOLS

PROSE is a general-purpose scientlf ic progranmlng Language deslgned for busy professionals

who need the full poriler of modern-day computers but do not have the tine or lnterest to
become experts in each of the detailed fields of numerical analysis. It ls a language for
problem oriented people, whose prlnary goal is to get answers. These people are interested
in programring languages, preprograrmed packages, and other computational tools only tnsofar
as they nay be used to obtaln problem solutlons ln a timely and efflclent nanner. It ls for
thls class of computer users that PROSE was developed, and these users wil l quickl-y flnd
that PROSE is an indispensible tool for a large class of. engi-neering and sclentif ic problems.

These c lasses inc lude:

Problems Where Tlme is of the Essence--operational conPuter PrograEs can be
developed much quicker wlth PROSE because the PROSE system encomPasses and
extends the contents of a typicaT nath/science library withln an easy-to-use
prograurming language. The language features a full complement of vector/matrlx
operatlons, automatlc debugglng, and sl-nple input and output wlth preformatted
rePorts .

Probleros That Require Calculation of Partial Derivatives--For m4ny problens
(solution of systems of nonllnear equatlons, boundary value and lmplicit ordlnary
di f ferent la l  equat ions,  opt imizatLon,  erc. )  the essent ia l  lngredient  in  the solu-
tion technique lnvolves the calculatlon of partlal derivatives. The PROSE dlgital
calculus procedures greatly reduce the cost of computing derivatives (often by
factors of  ten and nore) .  Because these der ivat ives are exact ,  the solut lon
algorithms are more reliable and converge faster.

Problems That Require Experimentatlon with Solution Techniques--'Even wlth excellent
algorithms and reliable derlvatives the state of the arE ln calculus programming
frequently requires some experimentation to find a solution technique which fits
the problem. In other words, several algorithms may need to be trLed. This ls
also desirable to verify results which may have been compronised by lntrlnic
l imi tat ions in  the best  of  a lgor i thns.  I t  is  a fact ,  for  example,  that  there
exist no panacea today even in the venerable field of init ial value problems in
ord lnary d i f ferent ia l  equat ions,  far  less ln  such f ie lds as constra ined opt in lza-
ti.on. Without PROSE, switchlng from one algorithn to the next frequently lnvolves
considerable reprograrmring and the concomttant potentlal for delaying errors.
Wlth PROSE, several alternate solution techniques nay be trled by urerely changing
a stngle PROSE problem statement .  No problem restatement  ls  needed,  no coding
must be rechecked, and no new errors are introduced.

Problems That Require Structured Calculus Operations--Often it is beneficlal to
nest  var ious calculus operat ions.  This is  easi ly  accompl ished wi th PROSE, but
often inpossible with any other language. An example would be nesting the solutlon
of a system of ordinary differential equations inslde an optimization problem to
find the values of some equation parameters which best match the results to data
(nodel fttt ing). trrl i thout PROSE, it would be impossible to suppJ-y the partial-
derivatlves to the optimlzatlon solver because no analytical expressions for these
derivati.ves exi-st.



PROSE enables scientists and englneers to aolve these problems at a fractlon of the tine and
eost requtred by any other combinatlon of general-purpose languages and preprograumed
packages. Yet, progranming ls far slmpler ln PROSE than in any other language,

PROSE is a structured programmlng language (ln the tradition of AIGOL). The arithmetlc
statements are l ike FORTMN. I t  has IF statements,  loops,  I /O statements,  and a l l  the th ings
a general-PurPose sctentif ic language must have. It also has many convenlence features not
found in the older programmlng languages (FORTMN, PL/T, BASIC, APL), including simple lnput
and output wlth preformatted reports, easy to use debugglng operations, full complement of
built- in vector/matrix operatlons, and dynanic storage allocation.

The truly outstanding aspects of PROSE, however, center around its caLculus-level features.
These features are based upon an arLthmetic process for computing derivatives. These
derivatives are exact (to the preclsion of the computer), and the derlvatlve values are
propagated through any sequence of  a lgebraic ,  d l f ferent ia l ,  or  in tegra l  equat ions.  The
exact calculatlon and propagatlon of f irst and second partlal derlvatives is the dlstlngulsh-
ing feature that separates PROSE from other languages.

PROSE is  descr ibed as a t 'ca lculus- level t '  language because solut ion procedures of  both expl lc i t
and inplicit problerns are built into the language (Figure 1). These procedures roay be
easi ly  ut i l lzed to solve sophlst icated calculus problems wi thout  requi r ing the user  to be an
exPert in numerical analysis. Sirople calculus statements al1ow (1) the evaluatlon of
def in i te  in tegra ls  by a var iety  of  quadrature methods,  (2)  Ehe evaluat ion of  under-  or
over- or determined systems of algebraic equations, (3) the solution of systems of ordi-nary
differentl-al equations (PROSE has over ten techniques built into the language, includlng
Runge-Kut ta,  Predictor-Corrector ,  Rat ional -ExtrapolaEion,  and Gear nethods) ,  and (4)  the
solut ion of  l inear  or  nonl inear ,  constra lned or  unconstra ined opt imizat ton problems.  Each
of the calculus prograrnroing statements lnvokes and controls these built- in solutlon methods,
some of which can only be programmed with the hlghest expertlse uslng lower level languages
like FORTMN. But these are merely the calculus primltives of the PROSE language. The full
Pohrer of PROSE only becomes apparent when several of these stalements are used in structured
calculus Programs to solve even higher level problems. Structured calculus programs may be
used to easi ly  so lve systems of  impl ic i t  d i f ferent ia l  equat ions,  process ident i f lcat ion
(nodel  f i t t ing)  problems,  and systems of  in tegra l -d l f ferent ia l  equat ions.

PROSE enables scientists and engineers to progran at the level of model concepts rather than
at  the level  of  so lut ion mechanics.  The net  ef fect  of  PROSE is  to ra ise the level  of  problern
solving Polder and sophistication beyond that now feasible with algebra languages, but wlthout
ra is ing the level  of  prograrrming d i f f icu l ty .

PROBLEM-ORIENTED PROGMM VALIDATION

There are two general approaehes to program validation that reflect the partlcular
or ientat ion of  programners :

o lulethod-oriented validatioq in which program correctness is ascertained by careful
procedures employed in computation

o Probleuroriented validatlon is which program correctness is ascertained by
comparison of the computation results to some standard.

The former approach must be employed when a progranmer is unfamillar with the characteristic
resul ts  expected Ln a problem solut ion,  a prevai l ing s l tuat ion wi th professional  prograrmers
developing Programs for problems originated by others. This approach is seldom satlsfactory
and usually must be augmented by the latter approach usi.ng the probleroriginators problern
knowledge as the standard.  Problernor lented val idat ion is  ef fect lve wi thout  method-or iented
validation lf t-he numerlcal procedures are known to be error free and automatlc standards
are provided to validate that they are being properly used. This is the case with PROSE.
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Direct C,ALCIJLUS Programmin!,

I

I

I

Stafenrents like;

EXECATE ,FOFX IYITII f,RADIEIIT OH X

Y = .tttlEr,frAt(rorx, 0, t, 4)

llililAfE JAttUS F1fr ,fiAfE E|urtTr\Hs
x00r/x,Y00r/Y 0F f $TEP Dr T0 fF

ff{TEGfrATE ,N/TE

FII{D X,Y IH ,FOFXY fO TIATCII 01,82

FiltD x IH .FAFX f0 htAxtifltzE F

FIflD X lil .ff,Fx H1LDt:io 0
filATElill!0 II T0 I'iiilifiilzE F

Do.things iike:

Compute 
#

v=llt(x)dx

Integrate *=f (x,y,tJ
j,=f (x,y,t)

So/ve g,(x,fl=O
gr(x,y)=0

So/ve for x which maximizes f8)

So/ye for x which minimizes t[x)
subiect to g[x)20 and h(x)=O

Figure 1. Examples of Direct Calculus programming
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The problen orLgLnator usually has a good feellng for what the answers to hls problen should
be. Consequently, hls experLence ls the ftrst standard.

In the solutlon of inpllclt, nonlinear probleus, a second standard arlsea fron the fact that
the criterlon for solutl.on is that the output Ls elther a rnpximus, a uiniBtn or zero. If this
is not true' lt Ls LmedLately obvlous from the output ltself.

In the case of numertcal lntegratlon, a third standard Ls provlded by internal error
checklng procedures.

A fourth standard is avalLable through the use of alternate solution techniques to cotrpare
results. This ls a trlvlal operation ln PROSE.

Using PROSE' correct Prograns can be qulckly developed wtthout resortLng to method-orlented
validation, As a result, the user ls free to pose very sophisticated probl.erns for the
computer wlthout belng a computation speciallst.
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The Nonlinear
Barrier

CALCULUS OPERATIOI{S

For the progranrm{ng of calculus-level problems PROSE has no peer. It is the
onLy eontplete Language for the numerlcal solutlon of rnatheulatlcal problems
available today. FORTRAN, and the other popular languages are incomplete in
the sense that they are not designed to solve problems rnr"n are i.nrpTieit and,
nonlinear--problems which cannot be solved by sinply executlng a seluence of
formulas. Iurpliclt nonlinear problems are abundant t.t every branch of science
and technology, the most cormron being nonlinear data fitt ing problens. The
methods used to solve such problems are nonlinear optfunization technlques,
which employ special calculus level arlthnetic in the semantics of the pRosE
language.

The basic deficlency of digital computers is that Eheir instructlons are only
designed to per form baslc ar i thmet ic .  This  l ln i ts  thei r  abl l i ty  to  address
nonllnear problems because the solutlon of all but the slnplest nonlinear
problems requl re d l f ferent la l  ca lculus operat ions,  par t ia l  der ivat ives.
Except for very slnple probleurs, it is not feaslble to either rnanually or
automatically derive these operations because the burden of algebraic
nanipulatlon is too great for men to perform and requlres too much storage
for computers to perform.

The general process of solvlng iupl-icit nonlinear problems is:

(a) Generate a l inear system (natrix) of partial derlvatives from
the nonllnear equattons

(b) Solve the l lnear system to estlmate nerd values of the unknowns
ln the nonlLnear equations

(c) Repeat steps (a) and (b) unti l some convergence crlterion
ls  net .

Only step (b) has any resemblance to the solution of l inear probleurs, upon
whlch the whole of digital-computer solution technology (the technology of
FORTMN and llnear algebra) is based. The speed and success of solving
nonlinear problems depends upon the speed at which (a) ls performed, and
the number of t lmes (c) is necessary, which, in Eurn, depends upon the
accuracy of the derlvatives produced in (a). In general, nonllnear problems
are more costly to solve by several orders of magnitude ln progrannqlng effort
and computer execution. This factor has severely l imited the appJ-ication
of digital conputers to nonlinear problems which are far more abundant ln
reality than linear probleurs.

Engineers, the primary users of scientif ic computers, are severely handicapped
by this nonlinear barrler slnce most of the problens they face are nonlinear.
They are constantly pressured by short deadlines and cannot devoEe the tlure
necessary to program nonlinear problerns even when they know how.
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Knowlng how means understandlng numerical- analysis, being able to break a
problen down into alg_ebra, generating approxlnate derivatlves or equlvalent
approxlnat ions,  contr lvLng a numer lcal  so lut lon method,  then progranming a l l
o f  th ls  in  an a lgebraic  language r lke FoRTMN or  BASrc.  But ,  as most
engineers know, this ls j ust the beginning. Typically weeks or even months
wi l l  be spent  debugglng the program before the resul - ts  ar .e usefu l .

Inherently' the Power of digital computers is more than adequate to solve
very sophlst lcated nonl inear  problems at  low cost .  But  the capabi l l t les of
popular programnlng languages are not adequate for such problems to be easlly
progranmed. The capabll it les of prograrnrning tools other than PROSE are
epltonized by FORTMN and the varlous subroutlne l lbrartes assoclated wlth lts
use.  But ,  because these tool -s  do not  prov lde the baslc  capabl l l ty  to  generate
part lar  der lvat ives,  they can be ef fect lve ly  appl led only at  low problen
levels as compared to PROSE, as shown in Table 3-1.

TABLE 3-1

1 .

2 .

3 .

4 .

5 .

6 .

7 .

8 .

Problen Levels

EXPLICIT ALGEBM

LINEAR IMPLICIT ALGEBM AND
LINEAR PROGMMMING

EXPLICIT DIFFERENTIAL AND
INTEGRAI. EQUATIONS

IMPLICIT NONLINEAR ALGEBM
AND DATA FITTING

NONLINEAR PROGRAMMING

IMPLICIT AND BOUNDARY VALUE
DIFFERENTIAL AND INTEGRAL
EQUATIONS

DIFFERXNTIAI MODEL FITTING
(PROCESS IDENTIFICATION)

OPTIMAL CONTROL

Prograrmnlng Tools

FORTRAN

SUBROUTINE
LIBRARIES

PROSE



Inp l ic i t
Problems andt tPain less

Part la ls  "

In an explicit problem (Figure 1) ttre equatlons of a nodel are structured so
that the inPut (independent) vartables are known, and the output (dependent)
variables are unknown. Explicit algebra problems are ones in which each equa-
tion has only one unknor.m, and that unknor.rn can be found by direct comput.atton.
Calculus problens of this type include init ial value problens of ordinary
differential equations (oDE). The popular programmlng languages have been
adequate t,o solve expltclt problems because the necessary methods only involve
baslc ar i thmet ic .

Fig. 1. Explicit problems have known input
(independent) variables, unknown output
(dependent) variabl6.

lmplicit problems (Figure 2) are problems in which the output variables are
knoum (or characterized), the input varlables are unknown, and the equaEions
cannot be rephrased (inverted) into explicit form. Implicit algebra problems
include hlgh order polynomials, transcendental equations and systems of
simultaneous equations. ftnplicit calculus problems include boundary value
ODE problerns,  impl ic i t  ODE problems,  opt imizat ion problems,  model  f i r t ing
( ident i f icat ion)  problems,  and opt imal  contro l  problems.

Fig. 2. lmplicit problems have known outgut
variables, unknown input variables, and
equations cannot be inverted to explicit
form.

Implicit problems must be solved by successive approxination
which the most general and effective are based upon repeated
the Taylor series formula

Eechniques,  of
appl icat ion of

r(x+Ax) = r(x) *# * .+#(rx)2 +.

r,b(bl

i/lo&l
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It ls preclsely at this point that the deficlency of dlgital computers and
algebraic languages is most crit ical. The computatlon of partial derivatives
necessary to apply these techniques is left to the prograntrner rather than
being provided as machine operatj.ons or language operations.

In PROSE, partlal derivatives are evaluated automatically as a by-product of
the equatlon computations i-n the model. The values of the partials are trans-
nltted to the numerical solution techni.que (solver) which uses them in its
successive approximation of the unknowns. To solve an implicit problem

x = f ( x )

the user merely defines the nodel in terms of constraints

g ( x ) = f ( x ) - x

which are comPuted expliclt ly in the model. This ls the full extent of modeling
that  is  necessary.  The var iables may be arrays,  so that  the s i rnple form def ined
above represents a system of constraint equations in terms of an array of
Parameters.  The constra int  equat ions need not  be wr i t ten as indiv idual
formulas but may consist of any sequence of cascaded formulas interspersed with
decis ion logic ,  loops,  etc .  Moreover,  the equat ions need noE be a lgebraic  but
."V t" r.a. 

"p 
of aitf afuei

are propagated through any sequence of such computations.

Figure 3 i l lust rates the solut ion procedure eurployed to solve impl ic i t  equa-
tions. The dashed line indicates partit ioning between the syntax, and the
semantics of the language. The solver, a Newton urethod, is lnvisible, and
the derivative values used by it are also accumulated ttunder the hood" when
the nodel is executed.

Fig. 3. Procedure to sotye implicit problems
has solvgr, a Newton method, buried in
semantics of languag€, thus invisible to
user.

The nethod of evaluating partial derivatlves in the semantics of the language
is the crit ical factor in calculus level prograurning. The developuent of such
a language has been long in coming because the only feasible method "digital
calculus" ls incornpatible with the prevail ing technique of language processing,
eornpi la t ic ;z  (s tat ic  t ranslat ion) .  compi lat ion cannoE be appl ied to the
generat ion of  der ivat ives except  for  very smal l  funcr ions of  few parameters,
because this approach requires the generation (via algebraic nanipulation)
arrd stonage of derivative formulas. For functions of moderate size, the
sE,orage requirements exceed the available memory of todays largest machines.

Mo(bl
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Although symbollc manlpulatLon prograns ro generate derivative fornulas have
long been avai lable, their use has not been practical except in very special
appl icat ions.

A second approach, f lnl te dlf ferences is often used to approrLnate derivatives
on dJ.gltal- computers. But slnce the resulting approximaclons must be trtuned"

to f i t  the nonlinearit ies of individual problems, i t  is not practical to
include this nethod in the semantics of a language. Moreover, urultiple
function evaluations are required to approximate derivatlves by f ini te dif-
ferences, and the number of function evaluations is a conbinatorial- function
of the number of lndependent variables. Figure 4 demonstrates the impacc of
nult iple function evaluations for f i rst and second dif ferences as compared to
PROSETs digital calculus nethod for exact f i rst and second derivatives.

The digital calculus nethod ls a technique of J-anguage interpretation (dynamic
translat ion and execution) which is direct ly analogous to the basic ari thmetic
process of a dlgital computer. No derlvative formulas are derived or stored;
rather, derivative values are computed by pseudo-lnstruct ions that are inter-
leaved wlth roachine ari thmetic. Since only derlvatj-ve values are stored,
memory requirements are ninimal. In order to compute f irst and second order
part ial  derivatives of any group of functlons in a model- with respect to any
number of lndependent variables, only one computational pass is required. The
result ing derivative values are exact to the precision of che conputer, as
though they had been evaluated by fornula derivation and evaluation.

As in FORTRAN, a user may write a PROSE arithmetic statement, such as:

A = Bl  (C**z+B*(C+D)** .732)

and a new value wil l  be computed for A using the values of B, C, and D. In
PROSE, however, (when i t  is necessary) the part ial  derivatives of A are also
slmultaneously cal-culated, regardless of the complexity of the expression and
the number of independent variables.

The faci l i ty for computing "painless part ialstt  in the semantics of a pro-
gramrning language is signif icant not because of the part ials themselves, but
because this faci l i ty unif ies the language with the most pohrerful solut ion
principle of dif ferentj .al calculus--optimization. This is the crucial source
of the enhanced power and generality of PROSE that ls least understood by
persons who have never used the language. There is a subcle dist inct ion
between the popular notion of optimization as a desired end in the process of
design, and optinization as a mean6 of solvlng implici t  problems in closed
form. While the former is an important appl icat ion of the latter, i t  is less
conmon in todayrs world than the fani l iar data-f i t t lng appl ications--f inding
the paraneters of a model (equations) to minimi.ze an estimate ( least-squares,
maximum l ikel ihood, etc.) of the error between the data and the output of
the model.

Although optinization as a goal of analysi-s is oft ,en desired but seldorn
attempted, the use of optimization as a soluE.ion principl-e is a comnon, often
overlooked practice that students learn in the f irst calculus course. In this
fauri l iar forn, optJ-nization involves derivation of derivacive formulas from
parametric equaEions, and equating the derj-ved formulas to zero, thereby
suppleurenting the parametric equations to make a closed (determined) set that
can be solved for the parameters.

The essence of PROSEfs unique power is that l t  enables users to apply this
same principle Eo any set of algebraic or dif ferential equations in terms
of any number of parameters, and have the parameEers computed aucomatical ly
by the semantj-cs "solvers" of the language.

Optimizat ' ion,
a  So lu t ion
Principle

t - J



PROSE Autonatlc
Derivatlve Evaluation

FORTRAN Finite
Dlfferences
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ELEMENTARY CALCULUS-DERIVATIVES AND INTEGRALS

In  pROSE,  Ehe eva lua t ion  o f  der iva t ives  may be  per fo r rned fo r  func t ions  o f

any  fo rm,  s ize  and complex i ty .  The func t ions ,  in  fac t ,  may invo lve  any

numerical relat ionships expressible in PROSE and may even employ entire

programs fo r  the i r  rePresenta t ion .

While the evaluation of part ial  derivatives is usually act ivated by PROSE

solvers, this process may also be activated by an exPanded form of the

EXECUTE statement

DERIVATIVE
EVALUATION

Assignment of
Derivatives
to Var iables

O N  r l r D Z ' . . .

Wighin the executed block, there nay be ca1ls upon subsidiaty blocks and

computations of any complexity. In this usage, however, the values of
partial derivatives of every computed dependent variable wiEh respect to

Dt"uns. . .  are evaluaEed and saved in temporary storage.  Every t ime a

virtlaAte acquires a new value, its derivatives are simultaneously
reevaluated.

The options GMDIENTS or HESSIANS are used to specify the order of

derivatives to he computed. GRADIENTS invoke first Partial derivaEives
only, while HESSIANS invoke both first and second partial derivatives.

In any b lock in  which der ivat ive evaluacion is  current ly  act ive,  the stored
derivative values may be accessed and assigned to variables by using the
bui l t - in  funct ions .PARTIAL,  .GRAD, and .HESS.

The funccion .PARTIAL accesses and returns a single derivative value.
Thus,  i t  is  a scalar  numer ic  funct ion.  When a f i rsE der ivat ive i .s  requi red,
triro arguments are used:

.PARTIAL fy,c,/

lr lhen a second derlvative is required, three arguments are used

n 2 - .o 1 = . P A R T I A L  ( y , r , n )
Era

The functlon .GRAD accesses and returns the vecEor of f irst Partials of its
argumenc wiEh respect to the independent variables. Thus

s = .GRAD (yJ

is equivalent to

The function .HESS accesses and returns the uatrix of second parEials of its
argument with respect to the independent variables. Thus

z -- . l lEsS(y/

IGRADIENTS
EKECUTE bLoek{ (argumentsl } wrm lunssrels

0v
ax

"-[#; fr]'
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is equlvalent

^ 2
d y

,  . . .
o*1

^ 2
d y

ox,  ax
I N

aY
2

L - L
n 2oxn

0x Ex-
N I

Print ing
Derivatives

EVALUATING
DEFINITE
INTEGRALS

hlhenever derivative evaluation is actlve,
may be printed in a prefornatted manner

GRADIENTS I
H E S S I A N S  I  O F  u 1 , D o , . . .
PARTTALS | 

'

the stored gradients and Hessi-ans
by the statement

PRINT

A def in l te  in tegra l  of  an arb i t rary funct ion uray be evaluated numer ical ly  by
using one of  several  bui l t - in  PRosE funct ions.  These funct ions a l low
computat ion of  s ingle and double in tegra ls  us ing a var lety  of  bul l t - in
guadrature methods. The conplex Fourler integral can also be evaluated
yielding a complex value whose real part is the Fourier cosine integral and
whose imaginary Part  is  the Four j .er  s ine in tegra l .  Two steps are requi red to
evaluate def in i te  inregra ls  wi th pRosE. rn the f i rs t ,  the label  of  the
funct ion to be in tegrated must  be assigned to a var iable by

IDENTIFY u AS funct ion

where funetion is the label of a PROSE functj.on block which computes the
integrand.

Once the function has been identif ied, the integral nay be evaluated as a part
of any numerical expression by reference to one of the lntegratlon functions.
The following exanples refer to single integration using Gauss-Legendre
quadrature. Additional examples of the other integration functions are given
in the PROSE calculus manual.

E4anple

If the 'Lntegral to be ealculated is

lta-iz a*

Then an appropriate funetion bloek uould be

FUNCTT0N .FUN(  rV )
END t , l ITH .SQRT( l+1Y**2;

the prepatatorA step for integz,ation uould be

IDENTIFY FOFX AS .FUN

ond" the integral uouLd be calculabed by

['
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Integrals of
Derivative
Functions

Y=.  INTEGRAL(  FOFX,0 ,1 ,4  )

ultere the Last atgument specifi.es the requi.ned quad.raktre o?deT.

Example

Tle pnobabi.Lity of a nortnal oaviate falling ui,thin the range l0,rl is gioen by

T ' )? -z - /2

F(n)= l+dz
J /2t
n

Io caLeuLate the i.ntegnal, a qual.tature ondet of 6 i.s elpsen:

FUNCTIoN .NoRMAL(Z)
END I'IITH .ExP( -z**2121 /.SQRT(6.28318)

IDENTIiY DENSITY AS .NORML

FR = .  inf fOnru(OENSITy,0,R,6)

The lntegrand function may include derlvatives if the necessary steps are
taken to activate thetr evaluatlon. There are triro alternative procedures,
eiEher of which is perfectly acceptable.

In the f l rs t  procedure,  i l lust rated by the
evaluation, which is presumed not to be in
lntegrand function block.

Exanple

&toen the function:

f ( i l = t * 9 e -  
L  

+ J -
( t+l)  ( t+t)2

Compute the integnal:

j r ,  )€
a=l  ;  # dt

J
tl

followlng exanple, derivative
progress, is activated wlChin the
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PR2SE statements . . .

IDENTIFY ANYVAR AS . IFUN
Y = .  INTEGRAL(ANYVAR,T1,TT,ORDER)

FUNCTTON . IFUN(PARAM)
T = PARAI'I
EXECUTE .CALC(VALUE) WITH GMDIENTS ON T

END blITH VALUE

PROCEDURE.CALC(V)
F  =  T+0 .2s_11  (T+ t  ) " ( t _ t / (T+ l  ) )
V  = .PARTIAL (F ,T ) /T

END

Ehat the integratLon parameter l tself  (pARA}I in the above e
c i f ied  as  the  independent  var iab le  s ince  i i i s actual lv  onl

mav not

rameter representing a set of values at whlch the integrand must be  eva lua ted .

As an a l ternat ive procedure,  der ivat ive evaluat ion uray be
as i l lust rated in  the fo l lowing example.  This proceoure
der ivat lve evaluat ion is  a l ready in  progress.

Examples

Giuen the funetion:

f ( x ,A ,z , t )  =  xyz

uhere

r  :  s inh(CT)

"  _Bt
U : n e

z : o/t2

Compute the integral:

*  ^ 2 .  ^ 2

, : f1* !4 * \  d t'  
I  dr" du'  azo

J
o

PR)SE statements . . .

EXECUTE .C0NTXT t t ITH  HESSIANS 0N X ,y ,Z

PROCEDURE . CONTXT
IDENTiFY FUN AS .LAPLAC
I  =  .  INTEGRAL(FUN,0 ,h l ,ORDER)

END

FUNCT r0N . LAPLAC ( T )
X  = .S INH(C*T )
y  =  A* .EXp (_B*T )
z = D/r**z
F = X*Y*Z

EN' t^rITH 
iifi+liittr,;l;\) 

+ .pRRrrAL(F,y,y)

act iva ted  in i t ia l l v
ls required ff

3-4



APPLICATION PROBLE.T 3- 1

GENEMLIZED TAYLOR SERIES FTINCTION

It is desired to wrlte a generalized function block

.TAYL0R( F0FX, X,A)

to comPute a second order Taylor expansion of an arbitrary nultidinensional
function

f ( x ' x r r . . . )  a b o u t  t h e  p o l n t  ( a r , a r , . . .  )

The required foruuLa ls

r (a )  =  r ( i )  +  v r ( i ) t ( i  -  I )  +*  < ;  -  i ) tn ( r< i> l f i  -  i l
z

I d h e r e  x  =  x l  , x z r . . .  ,  a  =  a r t a r ,  . . .

A f ( ; )  i s  rhe  grad ienr  o f  f  on  r  and H( f ( i ) ) i s  the  Hess ian  o f  f  on  i

Since the gradient vector and Hessian matrix are to be computed by the functlon,
a subordLnate procedure must be r,rr i t ten in which the derivatives are evaluated,
and the Taylor formula is coded in this procedure. The function .TAyLoR
merely executes the procedure. The .TAYLOR functlon is writ ten as fol lows:

130 ]  FUNI ]T IOH .TFYLBF: { :FOFH I I - {  I f f  . ,
1 4 0 1  E X E C U T E  . E l i P F r l I r i : F E F i i r l i r F t r T )  t i l I T H  H E E I I H t l S  O n  H
l5 fl I ENII lrj I TH T

The variable FOFX ldenti f ies a function block which returns the value of
f(I) .  Thus, to use the function .TAYLOR, etatenents l ike the foJ-lowing
are required:

IDENTIFY FOFX AS .FUN
RESULT= .TAYL0R(  F0FX,X,P0INT)

The actual computacion of the Taylor expansion is performed in .EXPAND

160 I  PROEEIILIEE .EXPFFIIT{ :FBFl t  r t i ,H rT. i
I 7O ]  f f LL  LOCHL
lBO] FIJN' ]TIOH .PEOXY ENI]
190]  I I 'E} ITIFY .PREHi '  I i i  FOFH
eOE I  F= .PRI IXY(X)
et  0 I  DELF= .6Rff t ' iF  )
e E 0 l  R H X = . 5 U 8 ( R r I i )
e3 0 I V= . TPROII c: DELF r FHX )
e 4 0 l  T = F + V ( 1 )
P 5 0  I  H = , H E S S ( F )
e60 I  t - ?= .PEOD{HrF } l t i }
e70 l  V= .TPROD(F lF ' l l i rD )
eE lJ  l  T=T+V(  1 )  / e
e90 I PURGE DELF rff l ' tH rr,r rH rf.t
3 0 C I r  E H !
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In thLg procedure, the varlable F0FX references the functlon block whlch 1s
the operand of the .TAYLOR functlon. Eonever, slnce a functl.on call ln PROSE
must reference a functloD block label, the dumy functlon .PROXY ls identlfled
wlth B0EX, and the atateoent

F= .pROXy(X)

resulte ln a call to the operand fuactloo.

To deroonstrate the use of the .TAYLOR functLon, a probleo block .sERrEs
wae coded

1 O PROELEI'I .:]EE I ES
EO SELEI]T TTY OUTPUT
30 ITITERFCT
4O ENII

and three procedures were prepared for lnteractlve executlon vla the INTEMCT
staterDent. The flrst procedure .QUADMT

5O PEOf,ENUF.E .EUtcItF.BT
5 D  F L I I { C T I T l H . B U I I D J : } i }
7 t r  E t l n  t t I T H . - i I 6 t ' t F { i { i + o e - : J
BO I I ]EI ITIFY FUH F. i  .FUFTI
9 tI FBFROH= . TFYLT]F..( FUT{ r ]*i r H :,

I  I ]O FEHFI] :T=.LIUFI I I  F i I
1 1 0 RUI,J PF:I HT FFFFOI| r FEt{rl|: T
1e0 EHn

contalns the functlon f(i) =(E.i) - t

The second procedure .SINES:

3I  O FROCEDURE .SIT{ES
3 P N  F U } I E T I O H . 3 I H E 5 & i } : )
330  f l = . : i l f f  t . f i )  r  T=0
3 4 0  F O R  I = l  T O  t t  Y = Y + . i l l ' l i . ! { ' : .  I i ) o f e
350 El ' l t l  ITJITH T- l
360 IDEI{TIFY FUT{ HS . . i I I1E: iEI
370 FFPROH=.TRYLOFI( :FUft  rH rF i i
38tr  FEHBCT=. ' . :1 INE38{ F l }
390 R0lr l  FPINT FFPPOFiTFEHF|T
4 0 0 EllI)

:ontaine the functlon f(i) -(t 
"ro2 

*) - r.
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.l

Tlre chlrd procedure .TMNSQUAI)

410 F'F.OI]EDUFE .TRffNSGUHII
4EO FUNf,TION .Hf iSTYTH)
4 3 0  F { = . S ! Z E ( X )
df40 Pt l ld=0r  SLN=0r ESUI ' I=0
450 FOR l= l  TO 11 DO
460 POkl=POlrl+H( [ )++I
420  SLN=SLH+.LOE(H . : t  I  )
480 SSUH=3oHi: I  r .oe+EoH( I  )+11: ! :U1.1
490 REPEfiT
500 Ef{D l r lT l {  EsuH+EPSo.EHFr.-pg1^1} .SLN
910 IDENTIFY FUn FS .NFt ; l iTy
5e0  FRFROX=.TRYL0R(FUNr l l rF l . i
530 FEXftCT=. t lFSTY(X)
540 ROIJ PRII'IT FIIFR0HTFEXFI--T
550 EflI)

_$7
contains the functi.on f (x) = p(l*1 * 2x.) * ee

L=I

Each procedure computes the second order Taylor approximatlon FAPROX, at
i=a, and the exact, value of the function FEXACT ls also calculated at i=5.
Then the two varlables are printed for comparison. The interactLve execution
dialog ls glven below.

- - - - IHTERfrCT EUERY I  . : sERIEs 3O]

"  
X ( E i ) r  : i { = . 1  . g  . S  . Z  . 9

>  N ( 5 ) o  X = . 1  . 3  . 5  . 7  . 9
?  f i ( s ) o  F = . e  . {  . 6  . B  t
>  R ( s ) o  A = . e  . 4  . 6  . s  I
? .OURIIRFIT
} .QUffDEFT

----EXECUTIO}I IlSIDE TD ELOI:Ti .EUFDEfrT

VHRIfiELE VffLUES
FRPROX FEHFET

6 . 0 0 0 0 0 0 8 + 0 0  6 , . 0 0 0 0 0 0 E + 0 0

----RETURHIN6 FROT'I .fiUFt,EIlT I !]ONTTNUIH6 INPUT

? . s I t ^ t E s
}  . S I H E S

.---E}€CUTIOH FSIDE TO ELOCH .SINES

VRRIRELE VflLUES
FffPROX FEHIIIT

7 .350F79E-01 7 .3e6t05E-01

----RETUPNIT|6 FROt' l  .Sl l lE-t  r  CONTIHUING INPUT

f,.it'"(*,))
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i . THFI{'::l,lUHI'
:. . TRRTT-JT.:1UFN

----E:'{EI::UT I OTI F::i I TIE Tt] BLOI:'I'. . IEFN'L:IU

i 'FEIFIBLE UFLUE:!
FFFEOI{ FE:{F':T

1 . e b 0 o o l E + t r l  1 . E ; r D L r 0 l r E + [ 1

-- - -FTETUFNINE FPO]4 .TRFl l l i r . - r r_r  r  r_El iTIHlJI t {L i  I r tFt_;T

i EFt= I . TF:Hll5 -lUFIl
::, EF:!= l . TEFll:i -:!LtRtr

- - - -Et iEr : :UTIOH Hi IEE TE FLOL;t  .  rFFh: : r : . ! t_ l

VFFJIFIELE Ui.?LI-IEi
FFFEO}.: FEiiFrt: T

l . t : - { E , E ' j E E + r r  I  l . E 1 = e 4 = E + r - i t

SLnce the second order Taylor serleg exactly represents a quadratic functlon,
the function .QUADMT yields ldentical results uslng both methods. The
trigonornetrlc functlon is aLso closely approxlmated by the trunceted series
for the given polnt. In the third functlon, the nonquadratic part is
lnfluenced by the constant EPS, thus the approxinatlon ls closer for snaller
values of EPS, as demonstrated below.

-- - -FJETUFJNIHL;  FROT' I  .TPFN: i I :JU r  r ]OTITIHUINLi  I I {PUT

'? 
EPi=.1 .TRRFI:SEUHII

}  EPS= . I  .TEHr tE t l l F I I

- - - -E] , {E[UTIUf{  FtSI ITE TO ELOCI i  .TRRnEr, tU

VI iEIFELE VFLI- IET
FBPEOT{ FEXFIT

1 .e536 :3 [E+ r ]1  l .E=51 t r - , e4E+01

--- -EETUPNIHE FEOH .TRHNtt- ] t - l  r  TIONTIHUIt { r5 IHPUT

?  EF5= .01  .TPF} iSEUHD
]' EPE= . O1 . TRHNSI.IUffD

--- -EHECUTIOTI t ls INE TCI BLOf,K .TRRNSAU

VffRIFBLE VI1LUES
FRPROX FEXfiCT

l .e5B363E+01  t . a59552e+01
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APPLICATION PROBLEM 3-2

SIZING A HEAT EXCHANGER+

The shell-and-tube heat exchanger
st,ream of n lb/hr of a fluid fron
temperature T2.

shown below is employed for
an inlet tenperat.ure Tt' to

heatlng a steady
an exi t

This is achleved by continuously condensing a saturated vapor in
malntaining i ts tenperature at Ts. By lntegrating a heat balance
differentlal eLement of length, ihe required exchanger length is

fTz c  dr- Lza ' 
-R ^ (feet)L  = ; b -  

|  i . \ _ -  _ ,
-TL

where D ls the tube dianreter. The local heat transfer coefficient
by the enplrical foruula

h  =  275k  /48m\0 .8 / xcP \o .4"='D FDu/ \-ry
where  Cor ! ,  and k  (Ehe spec i f l c  heat ,  v iscos i ty ,  and
the f luld respectively) are functions of temperature
is glven by the formula

c-  =  o .25L +  3 .46x10-5T -  14400 -  (Bru / lboF)
P (T+4oo)z

Thermal conductivl ty is given by the table k(T)

k :  . 0 0 8 5  . 0 1 3 3  . 0 1 8 1  . 0 2 2 8  ( B t u / h r  f r ' F )
T: 32 2I2 392 572 ("F)

Viscosity is given by the fornula

- /r+aoo\o'935
u = 0.0332 {  j i

\ . + 6 0 /
! 'Appl ied 

Nunerical Methods, Brice
John Wl ley  &  Sons,  Inc . ,  1969,  p .

the  she l l ,
o n a

found to be

h is given

thermal conductivi ty of
T. The specif lc heat Cp

Carnahan,
L 3 2 .

Wilkes,
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In naklng approxioate heat-exchanger calculatlons, one often asaumea mean
values for Co, u, and K, evaluatlng theu Just once at the mean fluld
teoperature \TL+TZ>|I. A program ls requlred whtch solves for the length of
the heat exchangerLrrwlth Cer ;lr and k as functlons of the local tenperature
T'and L, with constdnc Coryr'and k evaluated at the nean fluLd temperature.
Also, lfi computlng L2, Li is deslred to evaluate the partlaL derlvatives

as a means of deternlnlng the relatlve sensltivity of L2 to the respectlve
fluld propertles.

In the PROSE program, the equations f,or C_, k, p, and h are convenlently
Pcoded as functions:

:r t rl I FUI'lr:,T I Elt . r:-P i: T i
;- t i  r j  I  El l f i  In I  TH t: t  .  15 1 +:j  .  4i  E-I.T- I  44 rr ! . .  i  .  T+4i, i :r ' j . . i  r

_ : : : : t  L r I  F l _ l H l . T I O f l  . F , i T i
:r4ll I Ellfr lr! I TH . LBDI-: l]P i T )

1= f '  I  t r l - l f t r :T IE l r  . t l | J i  T . ,
: { F , r . r I  E l { I r  t ' I I T H  ' 1  . r l ' . : l  : - r l o , :  f  T + 4 E , u i . 4 i , r j ! + o . ' . r i 5

. j : t j  I  F r_ lHt :T IOr l  .H i  l . :  !h l l t  . r lF  r l ' . r . I r  i
1 1 1  i r  I  E f l f r  l i l i T H  U . E i r , . l : :  . . 0 . i + r j o f ' l  ,  F I + [ , . l l l _ l  i  r o . . i J + i .  l 4 l r . r : F . ' l i . i o + . +

The integrand functions for L,l and L2 are contalned ln the function blocks
.IIEATI and .HEAT2 below:

aLz tlz }Lz
;E- '5 i l 'E

P

ci  rJ
E l r
c 4 u
E : U
e€. u
l i r r  l

EL:r  [ r  _ l  FLrHr: .TION .HEHTgf T]
; r . ' i t1  I  H=.H1.  l .  r f , l t - l  ! r :F: l ' !  r I r  j
I; r_r r-r I Ellfr ttl I TH r::F... ( H+ {' T: - T i r

FLl l { r - . :T  I0 f1  .HEFITI  {  T  i
l : : F = . r : : F i T i
I'i- . F:. i. T:r
FlLl- .f.lll ': T !
H=.Hf  l . :  r f , l l _ l  r i_F , r l .1  . [ r  i ,

E i {n  l ' !  I  TH ' ,F . ' t .  Ho, i  T  . j -T  
}  . i
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The PROSE progr€rs ls controlled by the problem block .STIIEATX below:

IO]  PROELEI, !  .TTHEFTH ISHELL-TUEE HEffT-EFiCHFNIIEF PROBLEH]

EO]  SELECT TTY OUTFUT
301  FOR CFEE=I  TO e  EE
40 1 REFD NffTff
50I  r iFLL Tf lELEi  .SIZE(TEFIFl  rTEl" lP rHt i f iTFl  rE r 'J ]

6 0  I  P [ = 3 .  r 4 1 5 ! P b
?0I  IDEI{TIFY Fl - lP r1: :  .HE}qTI
B 0 l  L 1 = 1 E . 1 1 / ' t . P I o D ) o . E O l - ' l E I H T d . F U t t r T l  r T E r H i

90 I  TRU i i= { :T1+TE} . . 'E
t 00 I l:P= .EPt TffVt: J
1 t rJ I l.:.= .ls, ( TftVti l
f  e0 l  l ' lU= .F lUtTf lV6l
I S i l I E X E C U T E . E E F O F i h I I T H T i F : F f r I E r { T E B H t l F r l " ' r l ' l l - i
1 4 1 ' l l  R E h l  P F I N T  L l ' L E
T5[ ] PEPEFIT
160 I  E l lD

This progrr- reads tno data cases and computes L1 and Ll by Ronberg integratlon.

In conputing Lo, the Properties Cp, k, and U are first Eonputed at the mean

t.rp"."trrre th6n these quantitles-are used as lndependent varlables for the

evaluatlon of the derlvatlves of L2. L2 is computed by lntegratlng .HEATZ

fron the procedure .ERROR whlch a16o prints the derivative values.

riI] ] PROCEEUF'E .€F'FOF:
IB I '  ]  IDENTIFT  FUTI  F i  .HEFTE
1 ' l r l  I  [ t = l pe f r l . r i :P Io I ] ] . .F .o l l t  INT{ .FU} l  rT t  r  TEr l l  j
ET ' ] ]  PP INT  ERRDIEHT OF LE
E l O ]  E N E

The executlon outPut of thls problen 1s glven below:

-..-SEGINTIIN6 PFOGEffI,I EHECUTIgN

CR.IE 1 I .STHEFTH { 0 1

T O ] t SHELL-TUEE HERT-EHf,HFIIEEE TtFITfr ]
3 0 I  N = . 0 0 r : l t
-?0 I l,l=EP ,5 t LB..'HF: l
4 t r l  T l = F , [  t F ]
S f f 1  T E = 8 8 0  t F I
6 0 1  T S = 5 5 0  t F l
7 0  I  D = . 4 9 F  t  I N  I
801 TEt ' tF(4)o TEHp= :3e Ere -19e 578
' -101 T ,T I IRTF( { ; ro  HI IFTf i=  .008F . r l1 : l :_1  .0181 .0EeB

1 0 0 I  
"

INPUT EIT}IFLETE
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PRRTIBL DERIVRTIVES FOR .. .  L? r  t .5e0034E+00
GRFIIIE}IT VECTM .. . .

teg
4.4o€,ealE+00 -7.980463E+0t 1.45459eE+01

V F R I R D L E  V F L U E S  . . . . .
L I  LE

1.6 t53388+00 1 .6a0034€+00

.---DffTH CfiSE ? I .STHEFTX 40]

t l 0 l  T ? s 5 0 0  t F l
l E 0 l  z

.--.DRTR INPUT COIIPLETE

PFRTI f iL  DERMTMS FBR LB =  6 .e t0 tgg f+00
ERffDIEHT VECTOR

1 A 3
1.589676E+0t  -e .465416E+0e 4 .79698IE+01

'/FRIHELE Vf,LUES
L I  L A

5 . 8 9 8 0 3 0 E + 0 0  E . a l  0 l  0 g E + 0 0

----EXECUTION COI"IPLETET CLOSING SUIIFIFRY REQUIREDT YESz?lO
? Y

-.- EXECUTITIN HFLTEI} RT PROSE I

-.- STORFGE SUI'II.IFFY
FIELI} LEI{ETH -. TOTFL EA6?E (O?OOOO OCTfiL)
FIELD LEI{6TH - USEI} e0e5l (050563 ocTf iL)
DFTfi  SPFCE - TOTRL 8OO3 (Or75O3 OCTRL)
BI1TF SPRCE - fiRRFY3 85 I.OOOT?5 OCTFL)
DRTR SPfiCE .  I IERIVf iTIVES 97 (OOOt4t OCTfIL)
SCRRTCH PRD 1536 (003000 DL:Tf iL)
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GENEML ALGEBRAIC EOUATIONS

Equations of Ehe form x=f (x) are called
var iable x may not  be d i rect ly  computed
procedure. Any equation may be equated
constra int  g(x)  such that

g ( x ) = x - f ( x ) * 0

By choosing the appropr iate value of  x ,
thereby solvi.ng the equaEion. In PROSE,
be solved by natching the constraints to

F I N D  r 1 , r 2 s . . . & n  I N  p  T 0  M A T C I I  9 y 0 2 , . . . g n

rdhere p is the model block containing the relationshlps for grrgrr..

For example, given the simultaneous.inplicit equntions

Y L =  L 2 . 5  -  3 x r x t  -  x ,  =  0
- x 2

Y 2 = 3 . 3 1 7 - s i n x t - e  = 0

Y 3 = 1 . 5 0 9 - x r 1 n * 3 = 0

PROSE nay be used to solve this problen wich the following program:

PROBLEM .SIMUL
A L L o T  X ( 3 ) , Y ( 3 )
x=.DATA(? ,2 ,2 )
FIND X rN .EQS T0 MATCH Y

END

MODEL .EQS
Y(1  )=12 .s -3*X( l  ) *x (2 ) -x  (3 )
Y(2 )=3  .317  - . s lN(x (  I  )  ) - .  ExP(x (2 )  )
Y(s ;=1  .  60e-X(  2 ) * .  LoG(x  (3 )  )

END

In the FIND statement, the unknoums (x) and the constraints (g) nay be
arrays as well as scalars. Their respecti.ve di.mensions determine the type
of  so lut lon Process.  The above problem i l lust rates a determined system,
where the dlrnenslons are the same. In this case the solution process is a
Daurped-Newton-Raphson me thod.

$Ihen the number of constraints is greater than the nuuber of unknowns, the
system is  overdetermined or  redundant .  In  th is  case the solut lon process is
optionally a Newton-Gauss or Newton-Ilouseholder method, resulting in a
nonl lnear  least  squares solut ion.

When the number of unknoqrns is greater than the nurnber of constraints, the
system is underdetermined. In this case, or 1n cases where the Jacobian
(ag/ax)  mrt r ix  is  s ingular  in  a determined or  overdetermined system, the
solutlon is the snallest-least-squares solution, determined by Gram-Schmidt
or Householder pseudo-lnverse methods.

Upper and lower l imits may be applied to the unknowns in order to l inlt their
variation within a certain range. These linits are applied through the
int roduct lon of  modi f ier  phrases in  the FIND statement .

inp l ic i t ,  because the independent
except  by a t r ia l  and error
to zero by def in ing an equal i ty

g(x)  can be I 'matched to zero,"
one or more inplici-t equations may
zero, using the FIND statement

Nonlinear
Least  Squares
F i t t i ng

Smal lest
Least  Squares
F i t t i ng

Inequality
Constra ints
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APPLICATION PROBLEM 4-I

MEMBER FORCES IN A PLANE TRUSS i

(Deternined Ll-near Slmultaneous Equatlons)

Consider a simply supported, eleven-member plane truss.

5T<-

I
{ to"

Since. the number of joints, N' and Ehe number of members, Nr, are
related by 2Nr-3=Nr, the trus$ is stat ical ly determinace, and the
eleven-member'forcEs nay be found by solving eleven force bal-ances at
appropriate joints ln the structure. Let h1 be the applied force in the
hori.zontal direct ion (posit ive i f  directed toward the r ight) at the i th
jo in t ,  and v*  be  the  app l ied  fo rce  in  the  ver t l ca l  d l rec t ion  (pos i t i ve
if  directed downward) at the i th joint.  Make two force balances
(horizontal and vert ical) at joints 2, 3, 4, 5 and 6, and one force
balance (horizontal only) at ihe rol- ler-supported joint 7. Let c=cos 30o
and s=sin 30o, and let f t  be the tensi le force in member i  (posir ive i f
in tension, negative i f  in compression). Then the eleven force balances are:

+ f 4 + s f r - s f ,  = 0

+  c f ,  +  c f ,

s f r + " f 5 * f 6  = $

-  
" f 5

Jotnt 4
s f r + " f 7 * f g  = 0

= Q

= Q

= Q

= 0

= 0

= Q

+'Appl ied 
Nunerical Methods, Bri .ce Carnahan,

J o h n  W i l e y  6 ,  S o n s , I n c . ,  1 9 6 9 ,  p .  3 3 8 .
H.  A .  Lu ther ,  and James O.  Wi lkes ' ,

= Q
, r t " a  ,  

{ : ;

joint 3 lnt 
- t '  -

( v ,  _  c f ,

c f
{no- 'o -
t na *c f r+

= 0

j o ln t

jo in t

- f
6

- c f
7

- f 8 -

+  c f ,

j o i n t . 7 h ,  -  t r o

s f r + . f 9 * f l '

-  
" f 9

" t9 
*  

" f l , -
*  t f r l

-  
" f r l

' { : ;

'{l:

4-3



Thie probleD consists of a system of 11 llnear equatlone
PROSE progrEun to solve lt ts glveu below.

Here, s-0.5 and c-0.86603. For the truss
v,  = l0 '  h4 -  0t  vO = 10r  h"  -  0 ,  v"  -  l0r

PROBLEH

END

CONVERGENCE COT{OI I ION

LOOP xg1 lggP
UNXNOYNS

.PLANE.  fRUSS
A L L O T  H ( 7 ) r  V t 7 t ,  F t l l t r  G t t l t
R E A D  D A T A
F I N O  F  I N  . F O R C E . E A L A N C E S  T O  H A T C H  6

I4ODEL .FORCE.BALANCES
G  (  I  )  = H ( Z t  r F  1 4 t  r g e F ( 3 f  - S o F  (  l ,
G  ( 2 !  = V  ( 2 t  r C o F  (  I  t  + C c F  ( 3 t
G  ( 3 )  = H ( 3 !  - F  ( ? t  - S o F  ( 3 )  r S o F  ( 5 t  r F  ( 6 t
G  l 4  I  = V  ( 3 ,  - C s F  ( 3 )  - C r F  ( 5 t
G  ( 5 )  = H ( 4 )  - F  ( 4 ) - S + F  ( S l  r g o p  ( Z r . F  ( g )
G  ( 6 )  = V  ( 4 ) . C $ F  ( 5 ,  . C r F  (  Z l
G  ( 7 )  = H t S )  - F  ( 6 t - S o F  ( 7 t  r S c F  t 9 ) . F  (  l 0 l
G  l 8 )  = V  ( 5 ,  - C o F  ( Z )  - C o F  ( 9 )
G  ( 9 )  = H  ( 6 )  - F  ( 8 )  - S r F  ( 9 )  e S r r F  (  I  I  I

G  (  l 0  |  = V  ( 6 ) . C o F  ( 9 t  r C o g  1  1  1  I
G l  I  I  )  = H ( 7 1  - F  (  l 0 l - S r F (  I  I  t

shown; ho = -5,

h , -o "
v r * 1 0 , h 3 = 0 ,

ln 1l unkoowne. The

I
?
3
4
5

I
2
3
4
5
6
7
8
9

l 0
I t
l 2
l 3

since thls systen ls l inear, the solut ion is achieved ln a slngle trterat ion ofthe solver AJAX as i l lustrated in the fol lowing 
",*"rr--r"Oora.

ENO

r O " T  S U M M A R Y  L O O P  R E S U L I S  F O R  I I , I P L I C T T  E O U A I T O N  S O L V E R  A J A X  r r . r o

T I N V O K E O  I N  E L O C K  . P L A N E . I  A T  S T A T E I 4 E N Y  4  F O R  r O O E L  . F O 9 C E . 8 T

l r
? o
3 r
4 t
5 r
6 r
7 t
8 r
9 o

l 0 r
l l r

F I
F I
F (
F I
F I
F I
F I
F I
F I
F I
F (

N T S
G (
G I
G I
G I
G (

9 l
G (
G I
G (
G I
6 l

CONSIFA I

l l
t ,
t ,
l )
t ,
l ,
l r
t ,
l ,
l l
l l

. . . . .  uN r (NouNs  coNvEeGEo
C o N S I R A t N t S  S A t t s F t € o
A L L  S P E C I F T E D  C R I T E R I A  S A r t S F t € O

l I i l l r J A L t  I

- ? . 8 8 6  7 3 6 E . 0  I
I  . 4 4  1 3 6 8 E . 0  I
1 . 7 3 2 0 4 ? E . 0 t

- 1 . 8 0 9 3 8 9 € . 0  t
- 5  . 1 7  1 4 7  2 E . 0 O

?  . 5 9 F  0  6 2 E  . 0  |
- 5 .771a7? t . 00
- 1 . 8 0 q 3 8 ; E o 0 l

I  . 7 3 2 0 a 2 f . 0  |
1 . 4 4 ' t ' 1 6 4 E . 0 1

- ? . 4  8 6  7 3 6 E  .  0  t

- 5 . 0 0 0 0 0 0 E . 0 0  5 . 6 8 4 3 4 ? 6 - 1 4
1 . 0 0 0 0 0 0 € . 0 t  - S . 6 A a 3 1 2 t - 1 4
0 .  5 . ( 1 8 4 3 4 ? E _ t 3
1 . 0 0 0 0 0 0 E . 0 1  e . A 4 2 l 7 l E - 1 3
0 .  - ? . 2 7 3 1 3 7 E - t 7
1 . 0 0 0 0 0 0 E . 0 t  3 . 1 ? 6 3 A B E - 1 3
g .  - ? . B r 2 l 7 t € _ t 3
1 . 0 0 0 0 0 0 E . 0 1  t . t l 6 8 6 8 E - 1 3
5 . 0 0 0 0 0 0 E . 0 0  3 . 4 t 0 6 0 5 E - t 3
1 . 0 0 0 0 0 0 E . 0 1  3 . 4 l o 6 o s E - t 3
0 .  - 5 . r 1843 .0?E- t4

l r
2 t
3 r
4 c
5 t
6 r
7 o
8 o
9 r

l 0 e
l l r

4-4
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APPLICATION PROBLEM 4-2

CEMRIFUGAI. PU{P PIPING SYSTEX{ 
f

(Determined Nonlinear Simultaneous Equactons)

Conelder the plplng aystem shown below

where Q
D in.

AIso,  a
by

For f low of a l lquid frm polnt i  to potnt j  in an incl ined pipe lr l th Z.
denoting the elevation in feet of nodes i  and i ,  the press,rr" irop is glven by

P .  - P ,  =  
1  7  |

a J  i r 'P i f+ tQr -z t )

Herer f ,  ls- the dimenslonless Moody fr lct ion factor, p is the f. iquid densiry

1nd 
u, fs the mean velocity. Assuming a constant vaLu€ of the Moody friction

raccor'  this equatlon can be rewrit ten for turbulent f low in pipes of average
roughness as:

(z 
J-z L)+2. 3r (pJ -p. )+8.69x10-4q2t lo5 = o

is the gpm of water flowlng through a pipe of length L ft and dianreter

typlcal head-discharge curve for a centr i fugal pump can be represented

AP = a-BQ2

where AP Ls the pressure increase in pstg across the pump, Q is the f low rate
and o and B are constants depending on the particu!.ar pump.

For the piping systen shown, the pressures p' and p5.are both essent.Lal ly
atnospheric (0 pslg); there ts an i .ncrease i f i  elevafion between points 4 and 5,
but pipes C and D are horLzontal.

+'Applied 
Numerlcal Methods, Brice Carnahan, H. A. Luther, James O. Wilkes;

J o h n  W i l e y  &  S o n s ,  I n c . ,  1 9 6 9 ,  p . 3 3 8 .

@ hpcc
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Based upon the abone the governlng equatl.ons are

A program Ls requlred to solvethese equatlons for the unknowns, Pr,ParP6rQ.rQp,
qE Lf Z5-2, is given as 70 ft and the puop aod plpe characterlstlEs dre- I

PuoP orEl B,pei(gpn) 
2

A  156 .6  0 .00752

B  117 .1  0 .00427

Pipe D , i n .  L . f t

Pz=nA-Boa | ,

P3=c,-uon3,

Q E = Q c + Q D ,

2.1L(P4-P)  +  8 .69  r

2.3L{P4-?l  + 8'69 x

2 5 =  Z 4  +  2 . 3 1 ( 0 - P 4 )

ro-aolr..lol = o

ro-aafrr.olof - o

+ 8.6e * ro-aOfrrrlofl = o

L . 2 7 8
2.067
2.469

The variables Qg,P2, and P3 are computed expl lcl t ly ln the
thus they are dependent rather than independent varlables.
three equatlons are lnpllcit in the unknowns QnrQ^ and P
can be iepres"nted by the constralnr";;;";;,:i iotJ"- o

G c 
= 2. 31 (p4-p2 )+s. 6rxro-aO!4/os,

co = 2.31(P4=p3)+4. osxro-aOf r.olof

cE = z s-z 4-2. 3tp4+S. 6e*ro-aOflrlol

L25
L25
L45

c
D
B

f l rst three equations,
Since the remaining

these equations
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The PRosE program and lnput rlata for this groblen are given below.

r 0 . PROSE S  TA  IE ' IE I ITS

t
z
3

pR0BL€r{ .  f  } foPu{P
R E T O  O A T A
F I N C  O C r Q 0 . P b  f N  . P U I T P S Y

P : P O R T t N G  D E , P ? , P ]  ' O  I { ' I T C H  6 C I G O T O E
F N D

- - - + - - - - - - - - - + - - - - - - - - - + -  + - - - - - - - - - O - - - - - - - - - + - - - - - - - .

P R O S E  S T A I E f i E N T S
+ - - - . - - - - - - t - -  - - + - - - - - - - - - + - - -  t - - - - - - - - - + - - - - - - - .

H O N 9 L  . P U I P S Y
0 F : 2 C + 0 0
P ? = A L P H A A - R E  T  A A .  Q C r r  ?
p  3 :  A L P H A B - n E  T A B f  Q D o r ?
G C = 2 . 3 t r  (  p b - o 2 l  +  8 . 6 9 F - r r r 0 c l r  ? ] L c /  0 c r l 5
r , l l - -  ? .  3 t  .  (  P 4 -  P 3 I  + I  .  6  9 € -4 I  OD I  r  2 ]L Ol  0 'J  r  r  5
G E:  Z 5 -  I  b  -  ?  .  3  | r l r  b  + 8.  6 9E -1.  + t€ r  r  2  r  LE / r |E r  r  5

FN TI

) - - - -  - - - - + - - - -  r - - - - - - - - - t -

r3:
1
?
3
l.

q

;
I

I - - - - - - -  -  C A S E

a L p H A A = 1 5 6 . 6 r  B S t A A : . ! 0 7 5 2
l L  P H A r ! : 1 .  1 7 . 1 |  n E t A g : . 0  0 c 2 7
A ) = L . 2 7  F t r  t  G = 1  ? c
' l [ f : 2 . 0 6 7 r  L 0 = 1 2 c
7 5 = 7 0  Z l r : 0
, l l = 5 3  " l O = 5 ' l  o 4 = 7 5
DF :2  .  f r o  9  r  L l=145  |

l  t i l P U T  C A t 0

I - - - -  f . \ r )  9 p  I N D U I  0 A T A  F o q  C A S E  I  - - - - -

The solut ion is achieved in f ive l terat ions of AJAX as i l lustrated in the fol lowlng
strnuurry reporf..
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A

B
A

7
a1

;
o

,D
o
ts

gr

!
H
o
A
o,
F

h
l.
d

E
a

6

I
I
I
I
a
a
a
I
I
I
a
a
a
a
a
a
a
I
a
I
a
t
a

d.

z-=
t

C
o
o

L
o

d i J t a  | . ( \ , r ,  N N d
€ € E  { d d  o E €
a a a  a  a  I  a a a
lr, I.l lll lt, l! l! l! tr, t l
t r t l t  E d €  C a . O l o

r , l  r O l t {  t N d  l ' O d
( ' t t r l '  o i N N  d N l ' r
F t . \ t  t N d  a | o N
L c t G  o 6 n |  d a o
O t a O i  O O G  r O d U \

a a a a a a a a a
i d t  o r u r o  i d l o

t l

d ( \ l ? a  F l , r G  N N - a
o Q Q  O O €  O € E
a a a  I  t  a  a a a
U, rrJ U, Ll lr, l! L, l! t^l
o r t t  N . o | o  € { ' - t

t  € t t <  r O t , \ <  D O r
O r r r O  € N t , \  - a C \ , t ' !
N ' N  , . ' O  N O N
L o O  o r a r t  d r o C t
€ d o  N L o  O d l ' r

a o l a a a a a a
E t { J  - a t ' \ l , t  d < O

d N d  r i < N  N ^ , d
o 6 0  0 0 0  0 0 0
a a a  |  |  |  + a a
U, ld ld td l^t rd lrl t! td
t \ t \ t  t ' r J \ . t  O F t O

E  o o o  t t N o  G € l ^
G e d  i O 6 N  L ^ | d
t s t ^ m  t o r !  N O r r o
i € O  ? .  I t  d O G n
e d d r  l t a a  . o d J

a a a a a a a . a .

x d . t  N N N  d - \ o

d ( \ , l  ? a < e  N N I
c r 0 0  0 0 0  0 0 0
a a +  |  + a  a + +
lr, ld Lt trj LJ tr, tr.| tr/ rd
o € G  c r | l ' t  N t . o( \ ,  ' N N  N ( \ I F I  G i d I \
| | ' N O  . O O r O  N t l \ 6
l , \ - t m  o r ( D O  N o i - t
t \ . t e  O e N  l n € i
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APPLICATION PROBLEM 4-3

CHEMICAL EQUILIBRIUM t
(Determined Nonlinear Simultaneous Equations)

PROBLB{ STATEMENT

The principal reactions in the production of synthesls gas by partial
oxidation of methane with oxygen are:

CH. + |Or=CO + 2H, (1)

CHr + H2O+CO + 3H, (2)

Hr + Cor+Co + H2o (3)

The problern is  to  f ind the O2/CH+ reactanc rat io  that  wi l l  produce an adiabat ic
equi l ibr ium temperature cf  2200oF at  an opexat ing pressure of  20 atmospheres,
when the reactant  gases are preheated to an enter ing temperature of  1000'F.

Assuning that the gases behave ideally, so that the component activit ies are
ident ica l  wiLh component  par t ia l  pressures,  the equi l ibr ium constants at
2200"F for  the three equat . ions are respect ive ly :

xr :  -P*P?: t  = 1.3 x lor r ,  (4)
Pan,Pd,'

xr : -@- = 1.7837 x lo ' ,  (5)
Pcx.Prro

K, =ry = 2.6058. (6)- 
Pcr,rPy,,

H e r e  P c o ' P " o r ,  P h r o ,  P h r ' P c h u  a n d  P o r a r e  E h e  p a r t i a i  p r e s s u r e s  o f  C O  ( c a r b o n
d lox ide) ,  Hzo '  (wat6r  vap6r ) ,  Hz  (hydr rgen) ,  cHu (methane) ,  and o2  (oxygen) ,
respec t ive ly .

Ent l ra lp ies  o f  the  var ious  components  a t  1000oF and 2200oF are  l i sEed in , rhe
fol lowing table. " i

r lomponent Enthalpies in
l tu / lb  MoIe

Compoocnt lmo"F 2200'F

cHr -13492 8F.27
HrO -90545 -78213
cor -t54956 -1390@
co -3E528 -2E837
Hs t0t00 18927
Or 1(}690 20E3t

'App l ied  
Numer ica l  Methods ,  Br ice  Carnahan,  H.  A .  Lu ther ,  James O.  Wi lkes ;

John Wi ley  &  Sons,  Inc . ,  L969,  p .  32L.
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l lethod of Solut ion

Let the follovi-ng nooenclature be used:

moh fraction of CO in thc equilibrium
mirturc

nrole fraction of COr in the equilibrium
mirture

motc fraction of H2O in the equilibrium
mixturc

mole fraction of H2 in tbe equilibrium.
mixturc

nolc fraction of CH. in thc equilibrium
mirturc

number of moles of O, per molc of CHa in
the feed gases

oumber of moles of product gases in the
equilibrium mix(ure per mole of CH. in
thc fccd gases.

Then a system of seven simultaneous equations may be generated fron three
atom balances, an energy balance, a mole fract ion constraint,  and two
equll ibr ium relai ions .

Aton consez,uation baLanees. The number of atoms of each element entering
equals the number of atoms of each element in the equiJ-i 'br ium mlxture.

Orygen: x. = (1}x, + x2 + 1lr.)-xr.

Hydrogcn: 4 - l2xt + 2x1 + 4x514.

Carbon: 1 : (x, * x, + xr)rr.

Ertergy (enthaLpy) balance. Since the reaction is to be conducted
ad iabat ica l l y ,  tha t  i s ,  no  energy  ls  added to  o r  removed f rm the  reac t ing
gases, the enthalpy (I l)  of the reacEants must equal the enthalpy of the
produc ts .

flfor. * xeflo.]rooo.r = rrfxrll6s * x2Hgs.4 r3Hs1o

* r.I{s, + x5H41.1::oo.r. {10)

rl

,,

tl

xa

t1

l5

t1

( 7 )

( 8 )

(e )

ifiole fnaeti.on eo-nstraLnt,

r t * f r - F x 3 * r a * 1 5 = 1 ,

Equilibri,un le Lati er,.s.

(1r)

(12 )

(13 )

*, = 
*f: 

l.?83? x lo',

xr=rT =2.@58.
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The relationships (12) and (13) follow Cirectly
respectively, where P is the total pressure and
additlon, there are five side condit, ions.

f r om (5 )  and  (6 ) ,

Pao = Pxl '  e tc .  In

(1s)

(16a)

(r6b)

(16c)

(16d)

(16e)

(16 f )

(16e )

r , s 2 Q ,  i = 1 , 2 , " ' , 5 ' (14)

These conditLons i-nsure that al l  mole fract ions in the equil ibr ium mixture
are  nonnegat ive ,  tha t  i s ,  any  so luE ion  o f  equat ions  (7 )  to  (13)  t t raC conta ins
negat ive  mole  f rac t ions  is  phys ica l l y  mean ing less .  From phys ica l -chemica l
p r inc ip les ,  there  is  one and on ly  one so lu t ion  o f  the  equat ions  tha t  sa t is f ies
cond i t ions  (14) .  Any  i r re levant  so lu t ions  nay  be  de tec ted  eas i l y .

The seven equations uay be rewritten in the forn

, f , ( x ) : 0 ,  i = 1 , 2 , . . . , 7 ,

wher€ x : Ixr xz xs x4 x5 xa xtl', as follows:

! , (D: lx1*x2* l ' r - :=o

l z ( x ) = r 1  + x 4  + 2 x r - Z = g' X 1

.fi(x) = x1 * x2* t, -rL = O
, X 7

.f.(x) = -2E837xt - 1390@x2 - 78213x3 + 18927xl'

* t427x, +13492 - 10690 16: o
x7 x1

.fi(x)= x1 * 12 + x3 + ,r4 + rJ - I = 0

fc$): Pzx,xl -  1.7837 x lo5x3x, = Q

fr(x\ = xlxr - 2.6058-r2x4 = o.

The PROSE program for this problem is given below.

IO] PROELEI' I  .REHCT
e0I It'{PosE .BRERI(
30] FINII  I , (  tH ,FIELES TO I. IFTCH F
40 I ENI}
50I t'toIlEL .t' loLEs
6 0 1  F ( l ) = X ( l ) z ? + X ( e ) + X ( 3 ) / e - X ( 6 ) / X ' : 7 )
7 0 1  F ( ? ) = x ( 3 ) + x ( 4 ; r + e . x ( 5 ) - e " . H ( 7 )
8 0 1  F ( 3 ) = x (  l  ) + x ( e ) + H ( s ) - 1 , ' H ( 7 )
B 0  I  F ( 4 ) = - i ? 8 8 3 7 o y 1  1  ) - 1 3 9 0 0 9 o y ( : g ) - 7 9 e 1 3 + x ( 3 ) + 1 8 9 e ? o x ( . 1 )

t  00 I  +84e7rh : (5 )+1349e. /H(7 ] -10890+X(6)  /N t .Z t
t 1 0 I  F ( 5 ) = X ( 1 ) + $ ( e ) + H ( 3 ) + X t 4 i + X ( 5 ) - t
re0  I  F (6 , )=Foreox(  1  ) .11(4) . r3 -1  .7837E50X{3) ry {5)
1 3 0 I  F ( 7 ) = X ( I ) o X ( 3 ) - e . 6 0 5 9 + H ( : e ) o X { 4 )
14 n I ENI)
1501 COHTROLLER .ERERI( '  FOR BJffH
160 ]  INTERRL:T
1 ? O ]  E N D

4-11



This problem was executed in a tlme-sharlng mode, using the controll-er block
.BREAK as an interactlve breakpoint, so that control varlables could be input
as well as model varLablee. The lnteractlve dlalog is given below.

----BEGINNINE PROC'Rflf ' t E)IECUT IUH

. - . . I } ITERFCT QUERY T .8REFK I€,0]

?  x ( 7 ) o  F ( 7 ) .  t F L L g T  7  T j E L L S
?  X = . 5  0  0  . 5  0  . 3  ?  T I N I T I B L  C U E S S
? P=?O TPRESSUPE f lTT'{ ]
?  DETFIL=I  I IETOUT=O I I IETFIL  PPINT
? SUI'IOUT=O tSUlll 'IRPY PFINT
? + c

}1 FHD F]
H ]

TO FP I I'ITER r EVERY I TERffT I Ol'l l
T O  P R I N T E R ]

FOR
FOR

ooo. . .oo. .oo.o. . . .oooo EEHTROL UffRI f fELE DUHF oooaaar ta .ooaooaoooaot

CoNVERGE t .0110000E+00
I IELTF I  .0000( r0E-07
DETOUT O.
L I I I I T  1 . 0 0 0 0 0 o E + s t l
SUt ' l l lFRY t.0t '0000E+00
Z E R O  1 . 0 0 0 0 0 0 E - 0 6

DffFIP
NETf f I L
INP IT
1'lff11I T
SUI'ItrUT

e . 0 0 0 0 0 [ E - 0 1
I  . 0 0 0 r j t t 0 E + 0 f l
0 .
e . 0 0 r 1 0 0 0 E + t r t
0 .

oaooooaaoooooafooaaoaaooooao ENI I 'u l , lP oaa.oto i ]oootaaaoo.oo+oatoooo

? t

----IIFTF IIIPUT CO}IPLETE

By setting the control variable DETATL=I, the user requested a detailed
iteratlon report for every A^IAX iteration. Also, by setting DETour=0 and
Sul4our=O, the detaiJ.ed reports and the surdnary report r4rere routed to the
PRINTER flle. Nex! a dump of the AJA)( control varlables rdas requested and
pr inted.

rn order to prtnt the PRINTER fi le output, at the end of execution, the fi le
was saved, and then disposed to a remote batch termlnal wlth the foJ-lowing
dlaLog.

----SP€CIFY FUNGTION
? SfiVE
----FtItcTIUl{ IS SFVE
----SCR[il-L EUTPUTT =FILEzNONE
? Mil{E
----PRITITER OUTPUT' =FILE.r' l IEHE
? -REPR!i{T
----[IUTPUT SfiVEDT PRINTER=FEPPINT

----SPEGIFY FUHCTION
?a

-- . .PROSE TII ' IESHFFTN6 SESSIDN IOI, IPLETE.
E X I T .
zGET TREPRINT
/D I SP0SE r REPR I NT=PRzE I-9 0t3OHk
$Dl SPOSE IREPR INT-PRIE I ea0I3ONK .4-12
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APPLICATION PROBLEM 4-4

EQUTVAT,ENT CTRCUTT FOR ADMITTATTCE MEASUREMENTS
(Overdeternined l. lonlinear Equations, I ' Iodel Fitt ing)

The adnittance (l/resistance) of an ac circuit has been measured at 21 frequenci.es
in a breadboard experiment,. An equivalent clrcuit contaj.nlng two lnductors and a
capacitor ls dlagranmed below.

The adnittance of this equlvalent is given by

JoL  +
.:;- + j rrrC"
- s

For the lossl-ess case, L, L", and C"
YtZ by 0 + jY and rearranglng yiel-ds

Yci
I

^ L'i's - 
ill.-

1 s

J = -
( x L -

I
0u - ---:--

" 
trl|]s

Given the_21 measuretr lents of Y at freguences ranging frorn
3900 x 105 cps, i t  is desired to f ind the parameters L,
the measurements.

For each neasurement
Y.1 as fol lows:

are real and Y12 is inaginary. Replacing

29O0 x L06 cps to
L", and Cs to match

Yi at frequency o. r"re may estimate.a matching admittance

I

1 _
Ytz

u . L  -
1

fo r  i  =  L r . . . rzL ,  resu l t ing  ln  21  equat ions  ln  on ly
solve these equations by least squares, uslng AJAX,
vector

three unknowns. To
we forn a constraint

.,=*-i ( i  =  1 ,  . . . , 2 L )

execute the FIND statement

FIND L .  L  .C  . . .  TO MATCH R- s - g

cs

c i rcu i t

and
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The PROSE program to solve thLs problem ls glven below.

1O]  PFEELEI ' I  .C IRCUIT  I IER IES  RESOI I f fNT  ETRCUIT  ELE I , IENTS]
e 0 I  F I L L O T  F ( a l  )  r ' / ( : e l  )  r R t . E l  )  r U ( : e l  )  r T f , ( 2 1 )
3 0 I  f = . I F T R { : 1  . e T 3  r  I  . 1 7 . q  r  1  . : i g p  r  l  . 6 0 4  r  I  . I 0 B  r  f  . i f 5 r l  r ? . 1 4 8  r p . ? 9 ?  r
4 0 1  9 . 5 0 3  r 8 . 8 3 3  r 3 . : 1 0 5  r . 1 . 0 r - r 5  r 5 .  D i ;  r B .  t l 6 g  r  l 4 . g 4  r 3 g . 4 7  r - 1 5 . 0 6  r
5 0 I  - 9 . 7 0 5  r - 7 . 3 E 9  r - - 5 . E S * ,  r - : l  .  f  r _ r 7  j
6 0 1  F O R  I = 1  T O  e l  D O
p 0 l  F ( I ) = ? g i 0 + i 0 o I
B 0 I  h t r . I  ) = 6 . e g g l S E 6 O F (  I : i
90 ] REPEffT

1 0 0 I  . l I 6 N F L = l
11Sl  | -TNTIL SI6NFl-  Er- ]  t r  t ro
ler l  I  I I ' IPOSE . ' :OnTF:OL
130 I  F IN I  L  rL : *  rCS  I t i  . F IT  bJ ITH  FLFL ;  : i IE t rHL  TO t ' tF tTCH R
I4O ]  REPEFT
1 5 0 I  E N I '
t 6 0 I  l t o n E L  . F I T
1 7 0 I  F U P  I = l  T O  e l  I r E
I B 0 I  T C i :  I ) = - 1 r ' t l . , J { I : i . L - 1 . ' i l r J i  I } o r ; s - - t . ' ( . t l i  I  j . L . ! i  j }
1 9 r l  I  E i :  I  i - 1 . ' T t l ( .  I . i - l , . T r ' I . i
e0L]
E t I
e t 0
e 3 0

REFEFIT
EHE'UTE .PLET

Enn
I]OI{TROLLEP .t:TIT{TPOL FOF: H-IB}i

E4O ]  IHTER} ICT
e5 r'l I Etlll
EE '] ] PEDIEDUPE . FLtrT
e70l  IF .F i { . /PFFj I :  Er l  r l r r  E i i IT
E E 0 l ' - : F L L  i E T P L E T { : F I L E : : i : I i E l
e9 [ ]  I : :FLL  FEF IHE} { ( :E ,_1  r j t J r ; r . { l r : , . ' FF jE r . l r lEH t : : , i ' i . r : .F : - , ' :  r - - :UF l r jE  F IT  ITEEf rT ION ' )
: { t r o I  I : ' 1 . I 4EOLS=.nF r  IF r i :  '  r : r  -  r ' + '  1
:1 10I  L- : t iLL FeFlFlEy{ . -et : t  r4L- t  r . 'HI t l .1  ITTFfr t :E i . . r , . i  r l r=t r t iTt i  +=FIT r : : . : ' r 'HEOL: j i
S E t t I  | - : H L L  [ U F t U E t C l  r .  [ ! . '  r F r ' i ' r
3 : { r : r l  r : t i LL  L - :UFVEr . t l  r ' . | - .  rF r , iC j
.]4 iJ ] '-FILL FLOT I T'15 0 I Et{I'

This program il lustrates the interactlve control of an optimization process
as descrlbed in Section 3.6. Llnes 100 to 140 contain a loop which repeatedly ' '

executes the AJAX optimizatlon process, untl l convergence is achieved. The
first statement of the loop, IMPOSE .CONTROL' executes the controller block
.CONTROL which contains an INTEMCT statement. The IMIERACT statement
queries the TTY user for tnput, resultLng in the followlng dialog:

- - - - I I ITEEff I : :T I ]UEEY I  .TJONTEOL E.rO]

?  F I L E = E  : J I Z E = I  H B H I T = T r ] r  I T E T F I I L = 1
l. ' L= t E- I L' l L::=- I E- t tr C;-i= I E_ I €.-

- - - - I ]FTF I I . IFUT TOHPLETE

The lnteractive input consists of tno prlnter plot.  parameters, FILE and SIZE,
two AJA)( control variables, MA:KIT and DETAIL, and initlal values for the
unknowns L, LS, and CS. Placing the INTEMCT statenent ln the control ler
block allows al-l types of input to be entered at the s€une time.
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As a result of the input, the fol lowing is specif ied:

(1) A printer plot contalning a slngle sector (SIZE=l) ls generated wlth

outPut to the SCROLL f i le (FILE=2). The plot is generated from

line 210 in the model block .FIT which executes the procedure .PL0T.

However, the f irst statement of *PLOT skips p1-ott ing unless part ial

derivative evaluation ls act, ive. '  The generated plots contaln

admlttance versus frequency with actual measurements plotted as

zeros and computed admittance as plus signs.

(2) The maxlmum allowed iterattons of AJAX is llnited to 10 (I'IAXIT=10).

(3) A detal l-ed i terat ion report is generated by AJN{ for every
iterat ion (DETAIL=I), and because che noninal value of the control

vari-able DETOUT is *1, the report i .s writ ten on the SCROLL f i le.

(4) The nominal value of the control variable SUMOUT is -1 resultlng

in the AJA)( sumary rePort being printed on the TTY terrninal.

Following the INTEMCT query, the next output to the TTY terminal is the
aumary tePort:

- - - - t l - lF {X SUI INFE'dr  I | IVO} . :E I r  FT . I IR t ] l - r I f  1 i0  FOR l ' lU I tEL .F IT

f ,OI{VERGENCE CONTIITIOTI
UIII(I1OI,INS DEHVEEFETI
CBHSTRfrIIITS UTI:i: '1I I5;F IEfI
ITLL  SPEI : : IF IE I '  t - -E ITEPIF I  iFT ITF IET I

LOOP HUHEEF
UHls;NBl,Jfl-r

L
L i
U J

gBJEf,TIVE
.r'/6..'t '

LOOF l{Ul'lFEFi
UNHT{UI'IH5

L
L S
tl':l

t rB. IECTIVE
7 ,' l j ! !

LOOF IIUI'IFEF:
Ut{ti}lOlrJtl::

L
L i
cs

OE.JECT IvE
. t . / l \ . t  t

t  l t ' t IT I r lL  l

I  .00r lF t ' !DE- l  L ]
- 1  . 0 0 D t r r : t r E - 1 r l

1 . rl0 D '-r ' l EE- 1e

e. lB".{ .1€. lE+r: tr_,

+ . r F . i E F - , 0 E - l  I  6 . e r 9 l 3 e E - l  t
-1  .56895=E- l  0  - : .  1?9 ig r lE- l  0
e . e 3 : l 1 3 E E - 1 1  t . i : 3 e 1 5 1 E - l l

I  .  [e t  0P4E+0u .g .76r3E8 lE-01

t . 0 l J U n t r : r E - 1 0
- 1 . t ]  U 0 0 r : r  ' i E - 1 0

I  .  t1 f i ( rL lu tE- le

e . I r3t'-lE 1E+ U L'r

T  I } { I T I B L  ]

1 . r JL ' l c r0 t r r JE - t r l
- 1  . 0 0 t r i r 0 r . r E - 1 i l

l . 0 0 u l J D f r E - 1 1

: { . l ' l : l 4 f rb tE - t l
- . 1 .1a? i ' . l F - 'E -10

L  .e37ES4E-1  1

f .=08.4L€jf_,E-f-t l

5

I . t'3 L'\i:r 04E- I I
-4 . t  0 t4F_,eE- 1 t '

1  .  1 :34hf  ' ;E-  1 1

$ .eg5F,eSE- t re

r  I H I T I H L ]  3 .l

r  . 1 a ' t 0 e b E - 1 0
- 4 . 1 ? 5 e e : 3 E - 1 0

I  . 1 1 ' t f , € , 0 E - 1 1

I  . 3 p 6 4 1  0 E - 0 1

D

l . l ? n r j 0 + E - 1 0
-4 ,eCI7{€.eE- I  0

I  . 1 3 4 F . 1 3 E - t  I

B .e95F,e5E-08

----Eirtt oF LooP sutlr,lFEY

'When 
danping is appl led

executed without part ial
from these sublterat ions

e . 1 B : - 3 9 8  I E + U t - l

in AJAX several subiterations
derivative evaluation. The
are suppressed here.

of the model are
plots result. ing
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As lndicated, AJAX convergence was achleved in six iteratlons ltlth the
objective, the Eucl ldean norm of the conatralnt vector,

l  lel  l  = 
"? 

*" '"1

belng reduced to .08295625.

Slnce the problen dld converge, the
AJAX causlng prograo termlnatlon.

Next, TSPROSE requested the Tfi user
perforoed. The PERUSE functlon was
SCROLL fi le:

flag value SIGNAL=0 lras returned fron

to epeclfy the next function to be
selected, enabllng the user to peruse the

---.SPEI:IFT' F|f{€TION
? P
----FtNCTION lS PERUSE. =FILEzLFST
? L

----FILE RECDY FOR SCROLLINr-'I PRr:E ONE l.tfiS TFBLE OF CONTENTS

----ENTEP SCROLL REOUETT
? l

1. SCFOLL FILE TBBLE OF CO}ITEHTS
?. INTEPRCT AUERY f.COflTROL
3.  CUPVE FIT  ITERRTIOH TSECTOP
4. ----fr.JFX ITEERTIOH O INVCIKEII
5. I ] I - IPVE FIT ITERRTIO}I TSECTOR
6. ----H.I f iH ITERRTION I I } I 'dOI. .ED
7. CURVE FIT ITERflTION TSECTOF'
8 .  CURVE FIT  ITERRTION TTEETOR
9. ----R-IFX ITERRTION E IHVOh:ETI

10.  f ,UPVE FIT  ITERRTTCI ' I  iSEETBP
1I .  CURUE FIT  ITERRTTOI .T  I .5 .ECIOP
1E. - .-- f lJR:{ ITERfiTION .3 INVOIiED
13.  tURVE FIT  ITERBTION ISEI :TOE
14. ----FJFX ITERATION 4 IFi I 'OFEII
I5.  T..URVE FIT ITERfiTION ISECTOF'
16. ----RJr: lX ITERRTt0N S Ir{VOrrEI l
T7 .  CUFVE FIT  ITERRTIOH TEECTSF
I8 .  CURVE FIT  ITERf iT ION TSECTOR
T9. -- .-BJRH ITERRTTON h tNUoFEn
40.  tEHD-OF-FtLE l

e 4 0 l
I

BT
I

ffT
I
t

FIT
I
I

FT
I

fiT
I

ItT
t
I

FT

o F  l l
. r - : IQCUIT
o F  t l
. C I P L : U I T
o F  1 l
B F  T ]
.C IRCU I  T
o F  t l
o F  t l
. f lRr :L ' IT
o F  l l
. Ll I er:l_r I T
o F  t l
. I IR ' ]L I IT
o F  t l
o F  1 l
.C  IPCUTT

130 FOR t'tODEL

130 FoR t,toIlEL

t30 FoF ]'|ODEL

130 FoE moDEL

I 3 O  F O F . H O D E L

130 FOF l.l0ttEL

. F I T

. F I T

. F I T

. F I T

. F I T

. F I T

T3O FOF I"IOD€L .FIT
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After viewing the table of contents of the SCROLL flle, the user selected
the lnlt ial  plot from page 3:

----FffGE EXHffU::ITED r EHTER HEhl TiCROLL PEIIUE-'rT
? 3

L:UR?E FIT ITERf iTIOH
t  tsEr iToR I  oF t l  eq .6E+01  I - - - - - - - -  - - I - - - - - -  - - - - I - - - - - - - - - I

0 0  0 0
' 1  0  0 0

+  + +
[  + +  + +  + +  +  I  t
+  + +  + +  I  0  I
I I I I

- e . 4 E + 0 1  I - - - - - - - -  - - I - - - - - -  - - - - I - - - - - - - - - I
e . ? 0 E + 0 3 3 .3 t lE+ 0:3 3 .7 0E+ 0:3

FEEGUENT_:Y ( fPS)  TDELTF =  ? . t r0E+0 l l

o R I ) - l  t n E L T F  = . 1 . 0 0 E + r . r L 1 l  F n H I T T R N E E  t y )  0 = I T H T F  r - F I T  t 0 + l

I
I
I
I
I
I
T
I
I

I
I
I

O I
I
I
I
I
I

I
f r  0 1 1

O I
I
I

T
I
0
I
I

I I
I T
I I
I  0 0

+ +  l , t H  + +

Only two points are matched ln this p1ot, as
point pl-otted) symbols. As indicated by the
has a pole singularity in the neighborhoocl of

Next, the detai l  i terat ion prlnt corresponding
is printed from page 4.

indlcated by the "M" (mult iple
zeros, the admittance function
3700 uregaherEz.

to the in i t la l  guess,
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----PR6E E.\HFU:ITEII t ETITEFT I1EI,.I ,I:t-:PoLL REGUEST
? 4

--- - f iJFN ITERFTIOH II  INVOTiET'  I lT .CIECUIT

JFICoEIFt"{  I IFTFI : " i  t  I rE{ : I  }  " , I rH(  _ l }  I  :SQTJFFED
( :  1 ) j  3 \

1 i  e . e l E l 6 E E - 0 1  e . 0 l i 6 9 : i E - 0 t
P )  e . e l T B L r e E - r ' r t  e . 0 E l E E e E - i r l
: l i  e .16456 ' - lE- r i l  t  .?EBS5_1E- t : r l

I,

{.
rl

130 FOF I ' IODEL .FIT

(  SEFLED 1
( 3 )

r  .  =4  I  45 !E-  01
I  .5 : t  t tg?E-  0 l'.1 .56e:3..i7E- [ 1

RfltlFi

ullli:ltohtHI: - i4
1 . r : r 0 D 0 r 1 0 E - l L l

T'ELTF-ii i :IJEtJTOH
- 5 . b : 3 e t 4 r ] E - 1 1

FEIOLUTE I IELTI i - : ' :
5 . E 3 I 7 4 r i E - n l

r::EttiTF,FIl jT:! - 6
- : l  .44 rJ ' lE iE-  u I
- 6 . s E b 7 = 5 E - i ' l
- { .L14'_1:1 i t : tE-u l
- , : - . ' JE4  lE r lE -u l
-5 .81+ rl l  l  t E- rrE

I  . 1 ; l 4 5 l E - r r l

- l . 0 n r : ' r J 0 ' t E - l ' J  l . t ]  t : r  0 f  f . i  u E - l n i

STEP FOF: HE:- :T I  TEFFT I0H i
- 5 .F_ ,$ , . 1545eE-1  1  i .  1 ._ i : t t 5 . tE - l  I

= . E - . 8 ? : 4 9 E - ' J 1  E ,  l i : : l l 5 i : i E - l  I

i . . . ' . .G, . -  =  E .  I  : j l : ._ i r . l  IE+t rU. ,
-: : :  .44 U:r-; iE- [ t  I  - i  .  i : i . j ' . - tE,t.cE- t ]  I
-E . i :r i . lEE rJE- 01 ---,  .4 j t  i : :  l  E- r l  I
-4 . 34.-ir, r:ri:jE- [r I -]:-: .'Jit 1 iriE _ r.t I
- i  .  e'- iE4r, 1E- t i  I  -  I  .  i i+i :r , :=E- r:r I
- 1 . t t E r _ : r F i E E - r r l  i , . . l 5 i , l ; i E - f i : :

-F-, .'.i l :+EE,SE- r_ l
- 5 . 1 ? r - r ? I ? E - u l
- 1 .4E'3i. lF,E- Lt t
- 1 . : j ' t ' i e E l E - n t

= . E - , . 1 5 D I B E - I E

I--EII"I'EFrL;EHL E i]OI'II' I T I EII
UHlrfiOtrlt l :. HOT IOHliEFi6EI'
i::ot.t iTFiF I HT_! i lnirlr I !F I EIr
:iFEt:: IF IEIr rlFlI TEF: I)l Ltr{::riT M I EIr

F- IBT. :  ITEEITTIOTI

The squared Jacoblan natr lx is slngular at this polnt, as lndlcated by the
rank belng less than three. conseguentJ.y, AJA,( enployed the pseudo inverse
of this uatrlx ln Lts computatlon of the step change in the lndependent
varlables.
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The next prlnter plot, obtalned fron page 5:

-_--FfIf 'E E}iHFU.iTET'I EI{TEFI I.tEIJ :!I:FiOLL FE['UE::T
? 5

I : :UR\IE FIT ITEFJI1TIOH
1  I S E I T O F J  1  E F  1 ]  E

5 . E E + 0 1 I - - - - - - - -  - - I - - - - - -  - - - - I - - - - - - - - - I
I
I
I
I
I
I
I
I
I

I
I
I

' J I
I
I
I
I
I

I
I

I
I
I
I
I
I
I
I
I

t
I

+ +
I

n I
I
I
I
I

I
+ +

I
I
I
I
l-l

I

T
tl I'r

f
I

I
I
I
I
I

I
I  +  + +
t,l l'1 u 'l u
I
I
I
I
I

f,l H r'r t'l
n
+ +
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i l lustrates lnlt ial  progress by AJAX tor.rard convergence during l terat lon 1.

The detal led report for thls l terat lon lndlcates that the squared Jacobian
natr lx ls no longer slngular at this point.
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The subsequent detailed print, prlnted fron page 9, shows the type of
lnforuatlon prlnted when danplng ls enployed:
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FinalJ-y, the quallty of the curve flt obtalned Ln the slxth lteration ls
ll lustrated by the finaL plot, prlnted fron page 18:
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APPLICATION PROBLEM 4-5

NEAREST POINT ON A CONTOUR
(Underdeterrnined Equatlon)

Ttre functlon

f (x ,y )  =  (x2  +  y  -  u )2  +  ( *+  y2  -  7 r2

has the f ollon'ing contour map:

- 2 0 0  - t 0 0 0 0 0 2 .001  3O0  40O

It ls desired to write a
contour from the origin.

g (x , y )  =  f  ( x , y )

find the polnt (x,y) such

program that wi l l  f ind
In other words, gi.ven

- CONTOUR

that

the nearest point on
the equation

a speci.f ic

I  le(*,y) I  I  +Z and I  lx,y l l  =tF

are mlnimum.
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The forn of the objective functLon ln thls problen, corresponds to the
forn that ls Einimlzed by AJA)( wtrenever che equation system le uoderdeternined.
Thus thls probleu nay be solved by AJN(, uslng the statement

FIND c,y .. . T0 l, lATCH 9

The program to solve thle problem le:

1fl ] FF:OI:LEI'I .UT{[IEF:DET
IU ]  . [TTi ,  I I {TEFIHI : :T
ILr I  FI t { I '  : { rY I t {  .FUI{  Tn r ' lHTr_:H 5
i= I L;0 TO $TT'r'
4 ir I EHI'
5O ]  FIOI IEL .FUH
b0 I  G=( : i i oH+Y-1  I  i oog+ . . i i + 'T ' o1 ' - i j . i e - r :OHTOUF j
i 0 I  E N I r

As lndicat.ed in the contour nap of the fuoctlon, this probleu has several
"localtt solutions. AJN( w111 converge to different ones dependlng on the
lnitial guesaea provided. The PRosE progrErm was wrltten with an TNTEMCT
statement ln a loop ln order to solve the problen repeatedly for different
starting polnts. The resultlng TTY dlalog ls as follows:

---- IHTEFTFT::T L:fl_lEFti '  t .UftIrEF:IrE

? tlOl{TEUE=l rlD,'
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I  I 1 { I T I F L ]

LOOF. HUI.lIIEE
Utit ;lrloUl{.:

i.i
I

UI:.-lEr- T I tiE
.r iE J ,i ltT Fl I H .r rli.r ,,
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- f _ 1 .
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ii
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' r '[. 'r" t lT t"l IH

- r J .
- [ .

,...,.!i., ... i . t't ir U U t:t r:tE+ t-1 I

I  . 441  l i F_ ,E+ r l t r  i . 5544 i : {E -01
E .96470 { ,E+ rJ0  I  . i . +4F ,F , iE+00

5 . 5 4 = E 1 4 E + r r l  1 . 8 4 7 3 1 9 E + 0 t r

E . { 1 5 i : i E - u 1  E . 4 1 F . : 3 4 e E - 0 1
1 .TrJF_rt4;E+f i  D I  .?DE: ioF_,E+0[

E . l ' lF_,i68I E- r1;:r 1 . :1L15Pe4E- 07
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---- IHTEF;R|:T EUEFr'r  t  .Ui t [EF:IrE eu ]

i  l l t lNTEl- lF.=! isi=t 1'  =l. '

----DFTfi I I . IFI!T I:OI.IFLETE

----f i._lFt!1 iutlt lFFtY r I ltr i0t,:EIr FT .ut.{IrEFjttE :jt i  FOFi ItntrEL .FUn

':oltvEREEHr_:E IOf{tr I T ION
UI{}INIIIJH:! I:.Ot{UERGE TI
'::OHI:TRFI IT{TS iFT I 5F IEII
I i LL  iPE ' : : IF IEN I : .F i ITEF IS  : i I l T I : !F IE I '

LO t rF  TTL IF IEEF ;  t I I { IT I f f L ]  1  E
Ufli,::t{Ol'JltI

I ' l  1  .  r lur j r - r r r l rE+i . ru J . - i5r ,74EE+r l r l  e .E5663EE+r l0' r '  1  .  r t r : r  rJUr: r  0E+Lrt : r  i . lp t r tg iE+r-r  n e. l : {5F9.-?E+Drl
t]E -JEI::T I IJE

. , ' . /L i . . ' , '  ET t ' l I f {  r ' . ' i ' i . . . . . '  I  .  t : r=11 r r  r : i  UE+[E I  .  UUi ib ' ]E+nl  E.e iE ' . ,388+00

LEoF f { l - l l ' tEEF:  t I f l ITIFrL l  : l  4
Ul{F;HOlrl l l .!

i :  1  .  [L i f_r i l r1  ; r f  +r1 r . r  E. iE5: j4 i_,E+r: r0 E. : : re+5:_{3E+00
i ,  I  .  r lUUU i r  UE+ f  0  E . l r { 04e i - ,E+ r . t  U  j . l i . - t : ? - :GE+ t j f i

0E - lE t lT I t r 'E
, ' . r t _ i ' . '  t i T  I ' l I l l  . r  ; ' ' / , . . ' . . '  1  .U5 r : i u IUE+r ]e  + .4 i r4 lE0E-U i  1 . ' 15ES i {78 -UE

LO0F f { l_ l f , lEEFl  t I t { ITI f fL l  - r  r j
ul{l:iH0tr[,{ -i;

) i  I  .Lr [ t r . . , r . l r . r  l tE+fr |J  i .BeEEEf lE+ur j  3 . ; - rEHE€,FrE+i l l j
T  I  .  r j r r r J r l uuE+r : r  r '  E , l i T l l JEF+r lu  E .  i i i h l= iE+ l : ' r l

OE.-lEr--:T I tE
.r - 'L i r ' - . '  l lT  t ' l I f l  . r  / ! : :  i , ,  I  .  {5 t :JUU' : rE+fg 4.4: l r l t1 :1.1E-1!4 5. ;144i_, i ,E- t : f i1

----EHt' CF LOOF :!r-rt ' !t lFFjT

Note that the obJective prlnted in the sutmary Print refers to l lgll ana

I l*l I as generlc nanes of the constraint vector and the unknowns vector
respectively. It ls colncldental that varlables in thls problem have the
same n€uEs.
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APPLICATION PROBLEI{ 4-6

ELECI\.ICAL CIRCUIT MODEL FITTING - CONSIRAINED VARIABLES

The second example problen in Chapter 1 lnvolved the selection of four design
par€rmeters (two scale factors and two resi-stances), to be used in the con-
struct ion of a resistance thermometer from a gi-ven electr ical circuit .  The
rnodel for thLs system sinply consisted of the equati-on representing the actual
resistance of the electr ical circult .  The dif ferences betrreen the actual
circuit  resistances and the deslred reslstances nere expressed as constraints
for each of the data Points. Since the number of these constraint equatlons
Idas greater than the number of lndependent design parameters the system rrras
overdetermlned. AJAX quickly found the appropriate least squares solut ion.

I lowever, in some Practical appl icat lons of AJAX the solut ions are unacceptable.
This occurs when the result ing values of the unknowns are not feasible. For
example, a soLutlon for the resistance thermoneter circuit  involvlng either
negatlve scale factors or negative resistances while perhaps meeting convergence
criteria from a least squares sense does not yield a feasible engineering
solut ion. sometimes, a better select ion of start ing values wil i  yield a
feasible solut ion, but select ion of accurate init lal  est imates is often a
d i f f l cu l t  Process  in  i t se l f .  The in i t ia l  guesses  fo r  the  sca le  fac to rs  and
reslstances for the resist,ance thermometer example were A=.1, B=.J., R1=1000
and R2=1000. These estinates led to an acceptable solut ion. Init ial-guesses
of A=1, B=I, Rr=10 and Rr=10 lead to the solut ion shown ln shortened form below.
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This solut ion is not feasible.

Clearly \dhat is needed is some rday of restr lct lng the independent variables to
al low only reasonable values. Thus, a system of inequali ty constraints needs
to be considered. The use of slack variables al lows these inequali ty constralnts
to be represented as equali ty constraints and permits the use of AJAX for
constrained overdetermined syst,ems.

As an exanple, the scale factors and resistances to be chosen for the resistance
therrnomemter can be restr ict,ed to posif , ive values through the use of slack
vari.ables as shordn in tiie PROSE prograrn below.
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The output of thls program for the inltial gueaaea A=1, B=1, R,=10 and
R2=10 ts showrr ln shortened forn below. rt is seen that al;hotgh theee
estlmates orlginally Led to a nonfeaslble eolutlon, the use of slack varlables
to restrlct the deslgn parEuEters leads to the correct solutlon.
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APPLICA,TION PROBLB! 4.7

FII{DING A FEASIBLE POINT FOR A SYSTEM OF IMQUALITIES

In solvlng oPtfuoization problems with lnequali ty constraints, moot optiurization
solvers perforn most effect ively when provJ-ded wlth a feaslble start ing polnt.
si .nce a large part of the optlnization process nay be requlred to obtaln a
feaslble point, ic is often desirabLe to solve for several dif ferent feasibLe
polnts, uslng the slack variable technlque, then to try one or more of them to
s tar t  the  op tLn izac lon  process .

Consider the fol lowing system of inequall ty constraints:

( * r - 1 )2+1* r - t 12 rg

4(xr-2)z + z5{*r+1)2 - loo > o

*1 - *2 - . 4 :0

Given an infeasible start ing point, xr=-100, xr=-150, i t  ls desired to f ind
the nearest feasible point, satisfying^the l-neqflal l t ies. The PROSE program
for this problen, a modlf icat ion of the previous code, i .s shown beLow.

x .  > 0
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x ^ > 0
z -
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The output of this program consists of the interactive dialog plus the AJAX
summary report showing convergence to a feasible point in 23 i terat ions.
The f irst four and last seven i terat lons are shown below.
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o
APPLICATION PROBLEM 4.8

FIITDTNG MI'LTTPLE ROOTS OF NONLINEAR EQUATIONS

This problem deuonstrates the use of slack varlabl-es to find the tno roots of
the ehuations

xl
x 2 - e - = 0

, t( * r - I ) - * " i -4=0

The solutions are the points of Lntersection of the tuo functl.ons

y = e

whlch are sketched below:

Ball  enclosing
f i rs t  roo t

The program for this problen is writ ten in the general
except for addit lonal statenents required for output of

form specif ied above,
the results.

y =l l4 -  (x-r)2
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1 0 1
e 0 l
:_?0 l
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5 0 1
h D l
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l 1 0 l
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: : rE0 l
: 1 1 0 l
: ] P 0 l
:?3 i:t l
: + 4 0 l
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3 b u  l
:l7r:r l
:JB lr l
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F:EFEFIT
El l l r  t  . t lEf l i :TFr l IhTt  l
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The output of
vectors x and
by two sunDary

the program conslsts of the
G are dynanlcal-ly sized via

reports of AJN( and output
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l

In this probLem a bal l  (2-sphere) of radlus 0.5 was used ro isolate the
f i rs t  roo t

Clearly, the choice of r in (1) is falr ly lmportant. For lnstance, l f  r  had
been chosen to be greater than i1.5, the second root would also have been
contalned in the 2-sphere centered at the first root; the algorithm would then
be unable to f ind the second root. On the other hand, i f  r  ls chosen "too
smallrt '  i t  nay be less than the convergence tolerance, in which case a point
very near the f lrst root nay be found, whlch is outside the n-sphere, i .e.,

l*n-*l  > r,  but such that x is actual ly just one of the points in the sequence
whlch converges to x0. So x ls not a new root at al l ,  but only a poorer
approxirnatlon to the true root in the nelghborhood of xO-

It should also be noted that the code automatical ly supplies an ini. t ial  guess
for the second root. This can be a somewhat del icate process, since Newtonts
method (the nethod used j-n AJAX) is not global ly convergent. Hence, i t  is
general ly necessary to do some analysis on the functions whose roots are
to be found, so as to, i f  possible, order lhe roots. In the above example,
an  in i t ia l  guess  o f  ( - .5 , - .1 - )  was  used to  ob ta in  the  f i rs t  roo t .  S ince  the
second root l ies to the r ight of,  and above, the f irst,  in generating the
init ial  guess for the second root the algori thm adds posit ive quanti t ies to
the couponents of the f irst root in order to nove into a region ln which
Newtonrs nethod wil l  converge to the second root.
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ORDINARY DIFFERENTIAL EOUATIONS 5
I

IniEiation

soloe?

model

ode/uars

In a dlfferential equation problem, the principal fornulas deflne ordlnary
der lvat ive values Ai ' . . . rA i .  The resul ts  of  in tegrat lon are dependent  var iable
funct lons Uj- r r . . ran repres6nted as a t t tablet tof  polnt  varues correspondlng to
dlscrete, contlguous values of an lndependent varlable tr over a prescrlbed
interval, froro the inlt ial value of a to a flnal value, c1.

The operatlon stateuents for a differentlal equatlon problem have the general
form:

INITIATE soluen
FOR model EQUATIONS ode/uats 0F ind-uat
STEP delta { T0 Limit}

INTEGMTE model

TERMIMTE model

The elements of these statenents and order in which they are executed Ls
explained below.

The INITIATE statement associates the nodel wlth the solver and init ializes
the calculus envl-ronment.

The soLuer is simply a short ldentifylng name applied to each solutlon
by PROSE. Table 5-1 descrlbes the varlous PROSE solvers avallable for
tlon of ordinary dlfferentlal equatlons.

The operand of the process is specifted by
the block assoclated with the dlfferentlal

The dlfferential equatlons are ldentlf ied
ode/uars list, having the forn

EechnLque
lntegra-

the block label model, referenclng
eguatlons to be solved in the process.

in the EQUATIONS clause by the

den/uan, der/uar,

where each den/uar patr is a pair of arrays of the same slze and shape, a pair
of real scalars (any conblnation of slnple scalars and array elenents), or a
pair of compJ-ex variables,f each representing derlvative(s) and assoclated state
varlable (s) respectlvely.

Example

In a problem uhere there are kto )DEs, fon eranple

,  
t  = f  (c t !  ya 2,a j ,U ) )

a '  = g (c,a ya 2,a j ,a j )

then the model eouLd repnesent the )DE uaz,iabLes bg the uectors DI and,
I ,  i . e . ,

ou(L) : y j

DY(Z)  =  Y t

Y(L )  =  a l

Y(2)  = a2

In this case, the ode/ua.xs List uould sirnpLy be
DY lY

t' I ' lhere 
complex variables are involved,

simultaneously integrated.
both the real and iroaglnary parts are
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ATHENA

GEMINI

I S  I S

JANUS

JANISIS

MERCURY

MERL I N

MI NERVA

NEPTUNE

PEGASUS

TABLE 5-1

DIFFERXNTIAL EQUATIONS SOLVERS

Dez'i.uatiue -px'op-agating, uatiabLe-ordez, Rumge-Kutta method uith output
uatiable Liniting. ATHE\IA is a slngl. 

"t.p 
(nonnemory) integration nethod

which applies the Runge-Kutta rnethod with orders 2,3,4, and 5. As a non-
meDrory solver, 1t does not require reinit lal izat ion whenever dlscontl-nuit ies
in the dlf ferentlal equations are preaent. Linits may be inposed upon the
dependent variables of lntegration, and part lal_ derivatives rn: ly be propa-
gated through the integratlon process, al lowing nesting of integration
withln optinlzation processes.

u1b1i.d (pt'opagation/nonpropagating) z,ational-function opproxination method..
GEMTNT ls a hybrld solver which automatically operates as MERLTN when
partial derivatlve propagation is required, and operates as NEPTUNE otherwise.

Deriuatiue-propagating, founth-oz.dez, Runge-Kutta-Gill nethod,. rsrs is a
memory solver designed as a recurslve functlon al lowing the solut1on of
nested dif ferentlal equat. ions. Part ial derivatlves nay be propagated. through
the integration Process, al lowlng nesting of integration wlthin opt. imization
processes .

Nonpropagating' fourth-ordez, Adams-mouLton nethod. JANUS is a memory nethod
with an automatlc procedure for varylng the integration step in order to
lmprove execution eff iciency by taking the largest possibl-e step for a given
error cr i ter lon. I t  does not propagate derivatives through integration, thus
lt  may be nested wlthin an optimizatlon process.

!yu!.a 
(propag-ating/nonpropagating ) fou,th-ond.ez, knge-Kutta-Gill/Adqns-

Moulton method- JAllrsrs is I tryuiid solver, which altonatically operates
as rsrs when partial derivative propagation is required and op"i.tl" 

""JANUS otherwi.se.

!3y^!?p"Sqt-ing, optinal step size and. stiff equation net?nd of Gear,.
MERCURY offers two predicLor-corrector nethodi, an Adarns rDethod and a
spec ia l  fo rmula t lon  by  Gear  fo r  the  so lu t ion  o f  s t i f f  d i f fe ren t ia l  equat ions .
MERCURY chooses both the order and the step size in order to minimize
problem solut ion t ine while holding truncation error within prescribed
l inits. MERCURY does not propagate derivatives through integration, thus
it  uray not be nested within an optlmization process. However i t  does
acti-vate the evaluation of part ial  derivatl-ves within i ts model, and uses
the values of part ial  derivatives in the integration process.

Dez"Luatiue propagating, r.ationaL-funetLon appron)mation method. MERLTN
employs the memory techni.que of Gragg, Burir ich and stoer. rc optimi_zes
both the step size and the order of approximat. ion so as to ninimize the
computa t ion  necessary  to  sa t i . s fy  a  spec l f ied  er ro r  bound.  r t  p ropagates
par t ia l  der iva t ives  th rough in tegra t ion ,  a l low ing  nes t ing  o f  in tegra t ion
wi th in  op t i rn iza t ion  processes .

nyq\r2pasqting, uaz'iable-or.der Runge-\/ttttta method. aith s-bate uaz,iq.ble
Linit ing. MTNERVA is identical ro ATHENA except rhat i t  does not propagate
derivatives through integration. Thus i t  may not be nested wichin
opt in iza t ion  processes .  L imi ts  may be  imposed on  the  ou tpu t  s ta te  var iab les .

Norryz'opagating, national funetion tpproainati.on nethod. NEpruNE is
identical to MERLTN except that i t  does not propagate derivatives through
in tegra t ion .  Thus  i t  may no t  be  nes ted  w i th in  op t in iza t ion  processes .

Nonqr,ggagqting, fifth-o,der,, Sa,afyan-Runge-ttutta method. uith output
uatiable Limiting. PEGASUS etqproy! a fifth order nonmemory Runge:Kutta
technique knor,m as sarafyan irnbedding which is used to optiurize step si-ze
for a given accuracy requirement. Limits may be imposed upon the siate
vari.ables of integratlon. However, part ial  derivatives are noc propagated
through integratlon' thus PEGASUS may not be nested within an optl-mization
process .

a

5-2



ind-uqr

delta

Linit

Higher-order
Equations

As an alternative, the scalar form nay be used. In this form, each of the

variables ls a scalar and there ls a separate specif lcat lon for each equatlon'

separated by comnas. For example,

Yl  DoT/Yl ,Y2D0T /Y2 " .  .  . ,YNDoT/YN

would be a representative scalar ode/uate l ist in which YIDoT represents the

f i rsc  der fva t ive  o f  YL,  e tc .

Example

The pz,eceding eronpLe couLd Ltaue enpLoAed a modeL in uhich the
ua?iables ue"e

YlP = Yi

YZP = Yt

Y l  =  Y ,

Y 2  =  u ^

ln this case, the ode/vars l lst would specify the two equations by

YIP/Yl ,UzPlY2

The independent variable of the process is identi f ied by the name ind:uar
appearing in the OF phrase.r

The step interval of the independent varlable is identl f ied by the varlable
named delta appearing in the STEP phrase.r

Final ly, the l imit of integration is identi f ied by the variable taned Linit

in the TO phrase.r In the case of some integration solvers, thls phrase ls
optional.

Examples

(1) INITIATE ISIS FOR ,AERO EQUATIONS DYDX/Y OF X STEP DX

(2> INIT IATE MERCURY
FOR .MANYO EQUATIONS UDOT/U,U/X,VDOT/V,V/Y
OF T STEP DT TO IF

(3) INITIATE JANUS WITH FLAGV FOR .DYNAMIC EQUATIONS
DXDT/X,DYDT/Y,DZDT/Z OF T STEP DT TO TEND

(4)  INTEGRATE.DYNAMIC

The preced i -ng  exarnp les  i l l us t ra te  the  spec i f i ca t ion  o f  f i r s t  o rder  equat ions .
Th is  does  no t  re f lec t  a  l im i ta t ion ,  however .  The spec i f i ca t ion  o f  h igher  o rder
equations is defined by the successive appearance of the same variable name
in a derivative posit ion and in a dependent variable posit ion ln the ode/uav's
l i s t ,  a s  l n

JERK/ACC EL ,ACCEL/VEL ,  VEL/D I  ST

tTh"". 
variables rnust

conplex.
be scalar (slmpLe or array elements) but Dust not be

5-3



deflning the relatlonship of hlgh order derlvatives to lower order derivatlves
ln a s lngle h igher  order  d l f ferent ia l  equat ion,  l .e . ,

where

JERK=+,a,ccsr :d"
d t r  

'=  
o? 

' vEL=f f ,orsr=*.

In thls example, if the variables JERK, ACCEL, VEL, and DIST are arrays, they
Dust all be of the same dimension and shape. This dimension would correspond to
the number of higher order differential equatlons in the slmultaneous system.

Termination A nodel xoay not be associated with more than one solver at a time.f on. function
of the TERMINATE statement ls to release the nodel from thls association so that
it nay be used in other processes. Another function is to release the variables
from preemption. If this is not a mrtter of concern ln a given application, the
TERMINATE statement may be onitted.

Integration The INTEGMTE statement actually performs the function generation process. The
function is generated from the current value of the independent variable (its
value prior to executton of the INITIATE statement) to Ehe Limit value, i.e., the
INTEGRATE statement advances the integration process unti l the independent
variable equals the l lnit variable. In this case, the control of integrati-on is
assumed by the solver, but the model may abort integration at any value of the
lndependent variable within the specifled i.nterval by sfunply resetting the l irnit
varlable to the deslred value. This reset value must be at or beyond the current
value of the lndependent variable in the directlon of integration stepping.

If the TO phrase is not present, then the lntegrati-on advances only one step as
speclfied by the value of delta. In this case the integrati-on over an interval
ls controlled by ordlnary PROSE stat.ementsr €.g. r

UNTIL ind-ow GE Linit INTEGRATE model

As an example of an integration process consider the flfth order oDE,

s

+=3t2+y3
d t )

This equation may be integrated from t=0 to t=10 by the following statements:

T=0
TNTTTATE JANUS FoR .oRDERs EQUATIoNS

D5Y/D4Y,D4Y/D3Y,D3Y/DzY ,DzY lDY ,DY lY
OF T STEP DT TO IO

INTEGRATE .ORDERs
Using the nodel block:

MODEL .ORDERs
D5Y=3*T**2+Y**3

END

;-'A 
solver nay be slmultaneously associated wlth several distinct nodels; in

other words, in general, simi.rltaneous calculus processes involving the same
solution technique are permitted.
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Impl ici  t
O D E ' s

Boundary
Value
Problems

An implicit ODE cannot be reduced to the normal form

y ' =  f ( x , y )

but rather has the general form

8 ( x , Y , Y ' )  =  o

Systems of such equations, which may involve higher order derivatives, are
solved in PROSE by a combined calculus process. The integration process is

executed  exac t ly  as  i f  the  node l  invo lved exp l i c i t  equat ions .  Wi th in  the
model, however, the equations are actual ly calculated by an implici t  equation
so lver .

As  w i th  imp l ic i t  ODE|s ,  a  boundary  va lue  prob lem represents  a  combined

ca lcu lus  process .  The bas ic  p rob lem,  the  "ou ter  p rocessr "  i s  one o f  f ind ing

a so lu t ion  to  a  se t  o f  equat ions  wh ich  matches  prescr ibed boundary  cond i t ions .

In  th is  case,  the  equat ions  fo r  the  boundary  cond i t ions  are  imp l ie i f ,  in  the

sense tha t  so lu t j -ons  to  ODE!s  are  requ i red  to  compute  the  boundary  cond i t ions .

The so lu t ion  techn ique fo r  the  cornb ined process  is  as  fo l lows.  Const ra in ts

are  de f ined represent ing  the  d i f fe rence be tween the  in tegra ted  var iab les

and the i r  boundary  cond i t ions .  Then the  d i f fe ren t la l  equat ions  are

iteraEively integrated between the init ial  and terminal points unti l  the

cons t ra in ts  a re  sa t is f ied  ( rna tched to  zero) .  The ob jec t ive  is  to  de termine

one or  more  unknown cond i t ions  on  the  d i f fe ren t ia l  equat ions .  For  example '

!o solve the second order ODE

i =- ( r+ .Y ) ( r )

y^ = 0, yr = 1 we lnust find the unknown
thE boundaiy constralnt

Subject to the boundary conditi.ons
init ial condition io that matches

e ( i o )=1 -y t=

where 11 is the solution at t=1 of the second order
conditlon ye=O and the unknown i-nit ial condition fo
be solved by nest ing the solut ion of  (1)  ins lde the

The PROSE program and automaticall-y generated output
given below.

PROBLEM .TWOPT
YD0T0=l IINITIAL GUESS]
DT=.05,  TFINAL=l
FIND I INITIAL CoNDITIoN]  YD0T0 IN . INITV

T0 MTCH ITERMINAL C0NSTRAINT] G
END

MODEL . INITV
T=0 Y=0 YD0T=YD0T0
INITIATE ISIS FOR .DIFF EQUATIONS

YDOT/YDOT,YDOT/Y OF T STEP DT TO TFINAL
INTEGRATE .DIFF
G ITERMINAL C0NSTMINT] = Y-1

END

MODEL .DIFF
yDD9T=_ ( l+ .EXp(y)  )

END

( 2 )

ODE subject  to  the in i t ia l
at  t=0.  This problem can
so lu t i on  o f  ( 2 ) .

for this problem are
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dv
f t =  a y  -  b y z

and dz
- = c v z - d , z
cl t

APPLICATION PROBLEM 5-1

ECOLOGICAI EQUILIBRIUTI PROBLEI'I

cons ider  the  c lass ica l  vo lEer ra 's  p rob lem o f  the  sharks  and the  so les .  A
popu la t ion  o f  z  sharks  in  a  f in i te  sea depend fo r  the i r  food on  a  popu la t ion
of y soles for which food supply is assumed unl imited.

I ) i f fe ren t ia l  equdt ions  fo r  the  popu la t ion  o f  so les  and sharks  may be  g iven as

w h e r e  a , b r c , d  a r e  c o n s t a n t s .

The above equations belong to ecological problems relat ing to Ehe coexistence
of  an tagon is t i c  spec ies .

In PROSE the solut ion of the above problem may be accomplished by the
fo l low ing  program.  rL  may be  no ted  thaE in  o rder  to  ge t  ou tpu t  a t  se lec ted
poi.nts a simple logic is used in statements 8, 9 and 10.

PROSE Program List ing

! 0 . P R O S E  S T  A T E . , I E N T S
-  -  -  +  -  - -  -  t  -  - -  -  a  a  - - - - - - - -  -  t  -  - - - - - - - -  +  - -  - - - -  - -  -  |

I  ) R O R i F r , l  . S 0 L p O L
2  A E A O  O A T A
3  T P Q = 5
4  T E X T  P ?  I N I  I  T  I  q E  S O L E S  S H A R K S '
5  I N I  T  I  A T E  J A N U S  F O R  .  P O D U L A T A J  t r O U A I  T 3 N S

OYDI  /Y  tDZDI  /Z  OF  T  STEP DT
6  I J N T I L  T  E O  T F I I { A L  O O
7  I N T E G p A I E  . p C o U L A I !
8  IF  T  GE TPP THET. I

D I S P L A y  T r Y r Z  I N  t | r r . n r l n t E { r . p | '  r c . . r s r l n E n c | '  } o . { r o o o E r { r | 1 l

f P Q =  T P R  r  5
C'-oSE

R E " E A T

l 3  q o n E , _ l  . P o P U L A T r . l
o Y ) T = A r Y - B o Y r l z
O Z ) T = C n y r Z - D } . Z

1 6  E N D
1 7  E N D

9
l 0
l l
l 2

l 4
l 5

I t I P U T  C a P O S  . . . . .

DEC(  NA I , IE  .  S?LPOL

l 9

G E N E R A T E O  O N  1 2 / 1 7 t 7 3  B Y  P R I S E  V E R S I o L l  1 . 0 0
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Progra,m Output

I - - - - - - - -  - - -  C A S :  I  l l o g l  O A T A  - - - - - -

' 7 = l  
0 0 0  t 2 = ? 0 0 r  T : 0 . 0  r  f F  I r V a L : S 0  r  J I :  3

A = l  .  0 F - 3  t 4 = ? . 0 [ - 5 . C = 3 . 0 r - 4 . e = 4 .  O t _ _ l  /

I - - - - - - - -  f N D  3 F  l l e u t  0 A T A  F O e  c a S F  I

r l q r
5 . 0 0 0 0 r o 0 0
I  . 0 0 0 0 f . 0  I
1 . 5 0 0 0 5 r 9 1
2 . 0 0 0 0 F r 0 1
2 . 5 0 0 0 r r 0 1
3 . 0 0 0 0 r r 0 1
3 . 5 0 0 0 r . 0 1
4 . 0 0 0 0 E o 0
4 . 5 0 0 0 r o 0
5 . 0 0 0 0 f r 0

S O L E S
9 . 6 0 3 1 8 . 0 ?
9 . 0 4 5 I E r 0 ?
t . 5 7 3 0 E  r 0 ?
l . t o 6 t o 9 E r 0 ?
3 . 5 5 0 R [ + 0 1
7 . f | 5 1 5 F . 0 0
1 . 5 9 9 0 E o 0 0
3 .  f r 5 9 l  E  - 0  I
|  . 8 7 ? 4 E  - 0  ?
t  . 6 9 3 4 E - 0 2

S { A ' r x 5
8 . f r l 7 5 f  . 0 2
1 . ? 7 2 1 F ' 0 f
8 . 5 ? 9 9 f . 0 3

. f ? l ? t - . 0 4

. 4 8 8 3 t . + 0 t r

. 5 2 9 9 f ,  . 0  4

. 5 3 9 f 5 .  g  4

. 5 4 l 2 t  o ( t 4

. 5 4 l 6 E r 0 e

. 5 4 1 7 1  t 7 1 t
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APPIICATION PROBLEM 5-2

AIR POLLUTION CHEMICAL REACTIONS

Chemical reactions in the atmosphere are a majot source of noxious air
po l lu tan ts .  A  s imp l i f ied  mode l  o f  some o f  the  chemica l  reac t ions  may be
g iven as ,

d lNo2 l  
=

d t  [ N o 2 ] [ R H ]  ( a l N o l  -  ^ [ N o 2 ] )

d l N o l
dE 

-  o lNor l  tNOl  [RH]

d lRHl
dr  

-  [No2]  tRHl  (e  +  u  [No]  )

where IRH] is Ehe composi.te concentrat ion of radical hydrocarbon specJ-es,

[ N O 2 ] , [ N o ]  a r e  t h e  c o n c e n t r a t i o n s  o f  o x i d e s  o f  n i t r o g e n ,  a n d  o r t r , 0 , p  a r e

reac t ion  parameters ,  un iEs  o f  wh ich  are  par ts  per  mi l l ion  (ppm)  and minutes .

The program l ist ing and solut ion of the
log ic  i s  used to  ge t  ou tpu t  a t  se lec ted
si-ze depending on the problern and error

PROSE Progran L;!elt:!ng

! o .

above problen is as fol lows: (simple
points because JAt, lUS may vary the step
cr i te r ion)  .

e a n s E  s T A T E \ , t E ^ l T S

I
?
3
I

:

5
I
I
9

l 0
l l
l 2

l 3
I 4
t 5
l 5
l 7
l 8

D Q O E ' - E q  . A I R P O L L
E E A D  D A T A
l P ? = 1 0
T E X T  P E I N T  '  T I M E ! 0 2
I N I T I A I E  J A N U S  F O R  . C H E V A E C  E O U A T

D l O 2 D T / N O Z .  D N f , O T / ! O  r  O i H D T  / E A  T ] F

I ' N T I L  I  G E  I O O  O A
I r ' t T E G R A T E  . C , t E V R E C

l F  T  G E  T P P  T F I E N
I T S P L A Y  T r r l o 2 r i l o r R r {  l \ l

t + $ * . o o  c r } . r $ $ r E + o c  + | 1 . 1 1 + t * E n o r t

T P R :  f P R .  I  0
c L o s E

D E ' E A T

r { o D E r - . C { E i l a E C
D N O 2 D T : { 0 2 o R r o  (  A L p H A ' r \ i O - L f  u D A o . t C 2  )
1r . ,o  f  T:  -  AL pHA o | \ lo2rAr0n RH
D [ ? H ) T : - ! { C 2 o R H c  (  T H E I A . e U l \ 0  }

E N 9
E \tf)

\ 1

I  1 \ S
r  S T E )  D T

Q H I

* c . t r r + a f c o o ;
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Progran Output

t - - - - - - - -  - - -  c A s E  I  I N P U T  D A I A  - - - -  - - - - - - - I

T = 0 r D T = 1 0
A L P H A = 0  .  I  r  T H E T A =  I  .  8 3 E - 0 3 .  r f U = 2 .  f  5 E - 0 4  r  L E M D A = 0 .  0 ?

\ 0 2 = 0 . 2 r N O = O . 6 8 r P H = 1 . 1 5  /

I - - - - - - - -  E N D  c t r  I \ p u T  D A T A  F o R  c A s E  I  - - - - - - -  - - - - - - - t

T I q E
1 0 . 0 0
2 0 . 0 0
3 0 . 0 0
4 0 . 0 0
5 0 . 0 0
6 0 . 0 0
7 0 . 0 0
9 0 . 0 0
9 0 . 0 0

I  0 0 . 0 0

NO2
3 . 6 8 8 9 E - 0  I
5 . 1 9 4 8 E - 0 1
5 .  B 6 5 E E - 0  I
5 . 8 5 4 2 E  - 0  I
5 . 5  3 3 8 E - 0  I
5 .  I  3 7 8 E - 0  I
4 . 7 6 2 3 8 - 0 1
4 . 6 3 9 1 8 - 0 1
4 .  I  7 4 2 E - 0 1
3 . e 5 3 7 5 - g 1

NO
4 . 9 2 3 0 8 - 0  I
2 . 9 5 3 3 8 - 0  I
l . 5 7 7 l E - 0 1
8 . 2 3 3 6 E - 0 2
4 . 4 7 5  I  E - 0 ?
2 . 5 8 : l 6 E - 0 ?
1 . 6 0 ( 0 E - 0 2
I  . 0 6 4 6 8 - 0 ?
7 . 5 5 0 5 8 - 0 3
5 . 6 9 8 ? E - 0 3

R H
.  I  l r 27F r  o0
.  I  3 0 0 F r 0 0
. l l l 3 F o 0 0
.  0  g s Z F . 0  0

1 . 0 4 9 1 F . 0 n
9 . 9 9 I 5 r - 0 |
9 .  3 ? ? 9 F - 0  I
8 . 4 7 4 1 s - 6 I
7 . 4 6 7 6 F - 0  I
6 . 3 6 1 4 F - 0 1
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APPLICATION PROBLD,I 5-3

ARTILLERY MNGE ERROR SENSITIVITY
(Inlt ial  Value Problem with Derivative Propagatlon)

In t roduc t ion

The sensit ivi ty of a t ime-varying process to errors in ini t ial  condit ions and
parameters may be approximated by computing part ial  derivatives of Ehe output
o f  the  process  w i th  respec t  to  i t s  in i t ia l  cond i t i -ons  and parameters .  I f  x
is  a  s ta te  var iab le  computed by  in tegra t ing  a  d i f fe ren t ia l  equat ion  w i th
in i t ia l  cond i t ion  xo  and parameters  a ,  b ,  c ,  then the  er ro r  in  x  resu l t ing
f rom er ro rs  in  xo ,  a ,  b ,  and c  i s  approx imated by

1ax) 
2 =

Prob lem StaLement

A project i le of mass m and maximum diameEer d is f i red with muzzLe velocity Vo
at  an  ang le  o f  f i re  0o  above the  hor izon ta l .  The subsequenE ve loc i ty  compo-
nents  u  and v  in  the  hor izon ta l  and ver t j -ca l  d i rec t ions  respec t ive ly ,  obey  Ehe
ord inary  d i f fe ren t ia l  equat ions

eJ't.J' .(*)'(0")' *(rJ(oo)' * (*|t^+t

' : t = - F l c o s o

dv
m * = - m g - F O s i n 0

where  0  i s  the  ang le  o f  the  pro jec t i le  pa th
grav i ta t iona l  acce le ra t ion .  The drag  fo rce
where  V is  the  pro jec t j . le  speed,A =  rd2 /4  =

in  ps i  and T  is  a i r  t .empera ture  in  oR.

The drag  coef f i c ien t  Cr .  var ies  w i th  the  Mach number  14  =  V/49 .026-where  T  is
the  a i r  tempera ture .  Kepresenta ta t i ve  va lues  o f  Cp vs  M are

. 5 . 7 5 L . 2 5  1 . 5  2  2 . 5

above the  hor izon ta l ,  and g  is  the
Fp is given by FD = CDApV2/Q436T)
pro jec ted  area ,  p  i s  a i r  Pressure

L . 8  2 . r  4 . 8  5 . 8  5 . 4  4 . 8  4 . 2  3 . 9

Wri te  a  p rogram Eo compute  the  hor izon ta l  range R fo r  a  g iven ang le  o f  f i re  0o .
A lso  es t imate  the  er ro r  in  R fo r  e r ro rs  in  0 . ,  ambienc  tempera ture  To and
ambient  p ressure  po .  In  o rder  to  compensate- fo r  p ressure  and tempera ture
var ia t ion  w i rh  a l t i tude ,  use  the  fo l low ing  procedure

r f  h  >  3 5 3 3 2

E h e n T = . 7 5 7 T o

p = po/exp L-452 + 5##

e lse  T  =  To ( l  -  6 .68  x  10 -6 t ;

p  =  po (1  -  6 .89  x  l o -5h )5 '256
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use the table lookup feature to compute cp fron Mach nr.rmber. Also use the
page plott ing feature to plot bal l ist ic height, y, and drag force versus
time.

This problem contains three blocks that define i ts Eathen:t ical structure:
.GUN, .SHOOT, and .DIFF. The mathematical structure of the problem, consist ing
of these blocks and the integration solver ISIS, is showrr in the fol lowing
diagran. ISIS is used in this problen because i t  propagates the evaluation of
part ial  derivatives through the integration process.

Prog,ram Structure Diagram

P R O

1- 3egd_D3tg __
2.  Execute wi th

a r a r a
a0 ap E' r

o o o-sl 
ili"-pf;y
Results

4. New Case

Gradieut Evaluation

-t

I

I

1.  In i t ia l  Cond i t ions
2 .  I n i t i a t e  I S I S lgtSegtaon
J .  JN IEGXATE i l { rsrsRepeat +
4 .  Pr in t  g rad i .en ts
5. Compute Ax

1.  Vec tor  ve loc i ty
2.. Atrnosphere
3. Mach nr:mber
4. Drag Coeff
5. Conpute : i . i

| |10

I

I
I

gE1_ .5HcOT

I  f { 0 0 8 t _  . D I F F

t -  -  -

The program for this problen contaj.ns the three blocks i l lustrated above
(.GIJN, .slloor, and .DrFF) plus the procedure .ATMos, and the procedures .SETUP,
.PLOT, and .POIM which generate a pr inter  p lot .

t
I-ri

l l
t1

r l l
l l r
l l r
l l r
t t l

l l
- r l

I
I
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0 t *

u

\o . PROSE STTTE{ENTS
- - - - - - - - - ' - - - - , - - - - o - - - - - - - - - a - - - - - - - - - t - - - - - - - - - o - - - - - - - - - a ; - - - - - - - - a - - - - - - - - - a

I  eRDt lLEt ' l  .  GUN
2  M T A B = . D A T A ( 0 r . 5 r . 7 5 r 1 r 1 . 2 5 r 1 . 5 r 2 r 2 . 5 r 3 )
3 C D T A 8 = . D A T A ( I . 6 r I . I r 2 . I r 4 . 8 r 5 . I r 5 . tr 4 . I r 4 . ? r 3 . 9 I
4  C A L L  T A B L E  ( 9 r H T A B t C D T A B . 3 . 5 )

5  P E A D  D A T A
6  E X E C U T E  . S E T U P
I  J=2
8  E X E C U T E  . S H O O T  d t f t I  G R A D I F I { T S  q {  T { E T A O T  P O r  T E $ P O
9  S ( I p  I  L I N E

t 0  D I S P L A Y  X / 3 r  D X / 3  I N  T R A N G E  + . r c c { l . r }  Y D S  U I T H  T O L E R A { C E  r r t t . r } t  Y D S I

I  I  E X E C U T E  . P L O T
1 2  E { D

I  T I O D E L  . S H O O T  T D E A I V 4 T I V E  E V A L U A T I O i , I  A C I I V E I

?  x = 0 .  T = 0  T H E T l = 1 H E T A 0 1  Y = Y G U N  t  l ^ I I T I A L  C O N O I T I o N S I
6  I J = V E L O I . C O S D ( T H E T A ) r  V = V E L O } . S I N D ( T H E T A )
8  I N I T I A T E  I S I S  F o R  . D I F F  E O U A T I O N S  V , . O I / I ] . .  V / i I  v D 6 T / V '  V ' l Y , , O F {  T , s T E P  D T
9  I ' N T I L  Y  L E  O  O R  T  6 E  4 0  € X , E C U T E  . P O T f u T .

I I  P R I N T  G R A D I E N T S  O F  X
l 2  D X = . S o R T ( ( . P A R T I A L ( X T T H E T A 0 ) * D T H E T A 0 I + c z

+  (  . t r [ ? [  I  A L  (  X  r  P 0 l  { r D P 0  }  o . 2
.  (  . oA lT  l  AL  (  X  r  TE i , lP0  )  onTE i lP0  )  I I 2 )

I  3 Ef tD

I  9 O D E I - . O I F F
?  I f i E T A = .  A T A N D  (  V / t l  )
3  V E L = . S 0 R f  ( U r l ' 2 . V o I ? )

4  E X E C d T E . A T M O S ( Y T P T T E I . P I
5  u A C x = V E L / ( 4 9 . 0 2 c . S 0 R T ( T E t l P l ,
6  C O = . L 0 0 ( U P  ( M A C H )

7  F D = C D c A r p r V E L r r 2 / '  (  I  T l g s T E M P ! 2 )
8  t l o l T = - F D + . C o S 0  (  T ' l E I A l  / f 1
9  V D C T = . G . F D { . S I Y D ( T H E T I I , Z U

l 0  E { n

I  P R O C E D U R E  . A T t r 0 S ( H r P r I )
2  I F  H  G I  3 5 3 3 2
3  T F T E N  T = . 7 5 7 c T E q P 0
4  p = p 0 , r . E X p ( 1 . 4 5 2 o ( H - 3 5 3 1 2 1  / ? 0 9 5 0 1
5  E L S E  T = T E M P 0 r  (  l - 6 . 8 8 E - 6 0 H )
I  P = P o i ( l - 5 . 8 9 € - 6 c H ) { r r 5 . 2 5 6
8  CL  3SE
9  E N D

I  e p o c E D u R E  . s E l u P
t  T f u P 0 = T E 1 P 0 . 4 5 9 . 4
3  A = 3 . 1 4 1 5 9 * D * o ? / t ,
4  A L L O T . T P ( \ )  ' Y P ( ^ I )  ' D G ( N }
5 NP:q
5  E N D

-  -  -  -  -  -  -  -  -  +  -  -  -  -  -  -  -  -  -  +  '  -  -  -  -  -  -  -  -  a  -  -  -  -  - -  -  - -  t  -  -  -  - - - - -  -  t  - -  - - - -  - - -  a  - -  - - - - - - -  a  - - - - - - - - -  +
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P P O S E  S T A I € { E X T S

I  O E O C E O U R E  . P L O I
?  C A L L  F P A H E X ( O ' I P ( T . I P ) r ' T I T t E ( S E C O N D S I ' r

' A E T I L L E E Y  R A N G E  E R R O P  S E I { S I I . I V I T Y ' I
3  C A L L  F R A H E Y ( O I I , I A X Y T ' A A L . L I S I I C  H E I G H T . Y  ( F € € T ' " " ' '
{ .  c a L L  F R A I { E Y ( 3 0 0 r { A X O " D a A G ( L B F l r . t o t }
5  C A L L C U R V € ( N P . t r t r l P . Y P ' 1
6  C A L L  C U P V E  (  N P  r  t O t .  l P . 0 G  t
7  C A L L  P L O T J I
8  E N O

I  oRocEDuPE .P0 l r {T
e  J = - J
3  I N I € G E ^ T E  . O I F F
q  I T  J  G T  O  € X t T  \

6  { P : N P .  I
7  r P ( i l P ) = l
I  Y P ( ^ , t P ) : y
9  D G T N P ) = F D

l 0  r i ^ X Y = . { A I  ( y . { A X y }
I  I  u A x D = . x A x  ( f . t ! I D r F D l
I ? E\|r)

The output of the program consists of an echo print of the input data
fol lowed by a prlnt of the part ial  derivatlves and the estimate of the
error tolerance. Also, the generated printer plot shows the trajectcry
of the project i le and the drag force exerted on i t  by air resistance.

I - - - - - - - - - - - -  - - - - -  C A S E  I  t N p u r  D A I A  - - - - - - -  - - - - - - - - - - t

D I H E T A 0 = .  I  D P 0 = . ?  0 T E r , l p 0 : z  r t = 5 0
I H E T A 0 = 3 0 r  Y G U N = 3 .  v E L 0 = 1 0 0 0 r  0 = 6 r  6 = 3 2 . ?
P 0 = 1 . . . 7 r  T E { P 0 : 7 0 r  t  = ? 0 ^  D l = . t /

p r R T l A L  D E R I V a T I v E S  F o R . . . .  x  =  2 . 5 ? 0 2 1 6 E . 0 4
G I A D I E N T  V E C I f , E  . . . .

t 2 3
- 5 . 1 7 9 2 3 4 E . 0 3  - 6 . 9 6 0 3 1 4 8 . 0 1  3 . 5 4 ? l 7 z E . o 0

R A v G E  8 5 6 7 . 4  Y O S  r I r H  T O L E R A { C E  l 7 ? . ? ? o  y D s

{o .

l  ra
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l { a r l l
l l t t r l
l a t l l a
l a t t t l
l l a a r l
l l a t . l
l a i S r l
a l t a r l
l a a t r l
f a t t a ,
l a t t t l
t  I  t  |  |  t -I  a  |  |  |  a oI  a  |  |  t  t aI  a  |  |  |  l u

T - . - T - - - F E H - H H F e

|  |  -  i  '  .  ! .
r . \ i  ! . . al l \ , !t  |  - i . e -  ,  i  _p - - -  i  i .|  |  ! \ -  |  ;  - 7  i  ul l t \ -r f ! B \ i - 2 - i Ei ! i \ - i - - r ' t - :5
i i i \ i2 i i i,t i  i  __x- i i  *>  |  |  |  _ -  I \ -  |  |  9- l l>  ,  ,  i  - - y '  i \  i  i =  =;  a  i  - r '  i  \^  i  i?  r

r r r r T - - - - - - - - - T K
!  !  !  |  |  r .

i  i  i  - . / '  i  i  \  i  i : ;hq  |  ,  - l  :  i  \  i  i - ^  1 - ll l ' l \ r r o J o

X  :  ' /  |  |  \ a  i  o  r <

l i  ,  - . / '  !  i  \  i  i : ; h
,/

,/'i.
o  J <
2  < t
o o o
L'
lrJ
6

U  U U
,  J )
F  < <
F  O O

>  |  t  I  r  i  i  I  i :  I It  ,  t  ,  ,  |  |  d l  I  u  L Lu  T -  ; - { - - - - - - - ; b  E EJ  I  t  I  I  I  I  d  r  b  o o:  I  t  i  :  :  |  7  ! .
|  !  I  !  I  i  i  A  i -  

o o
s  I  \  i  |  !  i f  '  - -

i . \

I

\

t \
)>-*.

o

o€

c



(INTEI{TIONALLY LE FT BLAI{K}



APPLICATION PROBLEM 5.4

AIRCRAFT NOSE GEAR SHIMI.{Y

ALPHA. DO

THETA. DD

PHI . DD

THETAI.D

DELTA. D

PSI .D

Ft{

FC

ALPHA

THETA

PHI

THETA]

DELTA

PSI

FN

FC

c

Problen Statement

;

o

!

- l

A

v

and

F
n

shimy of a flve-degree-of-freedom nose landlng gear system is descrtbed by
the followlng syscem of second order and flrst order differential equations.

d = I- [ (tt+r)r +WLe-IurO -K^a] - BLH[ (L+.L-)F--SF--C-e+IurdJ
_  s - -  -  n  o '  8 ' - n  

- - c  - t - ' - - - '

.  I " I f  -  (nt t t )2

_ 
(L+Ls) Fn-sFc-nlH;-cr;+r(,)&

I
s

=  4 ( rF "  -  Ka0 ) / I

= KT(e-or)  /cr

= (L+Lg)6-W+(H+R)&+Ve

= - (Y{{Frr) /C,

the algebralc equations

- - (A+pCrA)/p

,  -  Se-r i'c  zvc
c

where the functlon variables are

o angular deflectton of the lunped mass system about the lateral pivot
(radlans)

angular deflect ion of the wheel fork about

twlst of the coupler axle (radians)

angular posit ion of darnper about the strut

lateral deflect ion of the t{re relat ive to

yaw angle (radlans)

ground reaction normal to the wheel plane

braklng force at the ground (pounds)

the problen constants are

coefficient of yaw of the tire (=.gqg02 radians/sec)

0

0

- l

A

v

F
n

F
c

and

c

the st rut

centerl ine

the wheel

(pounds)

centerl ine (radians)

(radians)

rfun ( lnches)



c1

cc

CR

CT

H

I

IF

I S

cl

c
c

c
r

c
t

H

I

I .
I

N
t

KA

KO

KT

t l re t ine constant (=.0016 seconds)

c reep coef f i c ien t  ( - .00003/pounds)

internal danping coeff icient of f l re 1=l l ! / in-second)

coeff icient of viscous damping (=500 in-lb/sec)

di.stance from axle centroid to lateral pivot (=59.2 in)

mass moment of inert ia of rotat ing parts about axle (=2 in-lb/sec2)

equivalent mass uoment"of inert ia of lumped mass system about lateral
Pivot (=5000 in-lb/sec')

equivalent mass moment ofr inert ia of swivel ing parts about the strut
center l ine  (=  7  in - lb /sec- )

coef f i c ien t  o f  to rs iona l  s t i f fness  o f  ax le  and t i res ,  (=5x106 in -1b / rad ian)

pounds per inch of lateral deflect ion of the strut,  measured at wheel-
axle mult igl ied by square of distance between axle and lateral pivot
(=17.  35x10/  in - lb / rad ian)

torsional spring rate"of complete system about strut centerl ine with
danper locked (- lx10' in-1b/radian)

mechanical trai l  length, defined as normal distance from axle centroid
to the strut centerl ine (=4 inches)

t ,  geomet r ic  t ra i l  (=9 .12  inches)

m mass o f  whee l ,  ax le  and I /3  o f  the  fo rk  mass  (= .469 Lb-sec2/ in )

p  la te ra l  conp l iance o f  f i re  (= .69926 in / fb )

r rol l j .ng radius of wheel (-13.3 inches)

s wheel sparL (=22 inches)

V tax i  ve loc i ty  (=4560 inches /sec)

W welght on gear (=30300 lb)

It  ls deslred to sinul-ate the nose gear vit tat ion in the t lne-sharing node
using the solver MERCURY to solve the equat{ons over the time lnterval frorn
0 to .1 seconds and to generate plots of the dynamic parameters.
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Program DescrLptLon

To set up the problem ln PROSE, the first step involves codlng the equatlons
in a nodel block cal-led .DYNAI'[C.

170 I t ' ,toDEL .nYNR].ttE
1B 0 I FN=- t IIELTF|+F.CROITELTFI .Ir j,,,p
19 0 I FC= (: S.THETH .Ir-popH I . Ir 1 . '  r: eo'i/or::r_: l
E rl0 I RLPHff . DII= q. I Eo r. ( H+P :r +FN+t,toL +THE TF- I +El'tEEFo THETH .IT-1.:oortLpHFl )E ID I  - t ' l . L+H+ i ( : L+LEr+F t r - : : .FC- r : :T . IHETF . r r+ I . 0 i !E6FTFLPHB. t r ) )
e e O I  r (  I t o I F - { : F l . L o H  j o i ) i : t : ,
e l0 l  THETff .DIT=t .  IFo(  ( :L+L13 j .FH-: ioFr : :  _r :T.THETFt . I r+I .Ot tEr jF+FtLpHF,I r i_ l . f fL .H
840 I  . { :  ( :  H+F" } .FH+LJ .L .THET l i - I . 0HEGF"THETF. i r -h :  Eo , l LpHF i  r  i
E50  L , , . :  I . ! . IF - ( :N rL .H . ro .e  t
e6 r l  l  pH I  . t r l r =4o rR iFC-F :F I .FH I  i  . I
S l t '  I  THETl t l  . IJ= l . . .To{  THETF-IHETFI i . .uT
P t r I I  t rELTF I  . f i = r . L+L r i ; oTHETH. I r -1 . I .F : : . J+ i .H+F .1  ) l i t _pHr i . I r  + , . i oTHETF
l'-r f i I Ft I . [=- i. pg I +t::oFH i./C I
:1I]B ] ENI'

Then, to Progrurm the integratlon process using the solver MERCURY, a problen
block ls coded:

101 PFUELEH .HOSEIIEFF, tE:HIHf i ' r '  OF HOSEGEffR SySTEi l l
EO] REBT'  DfrTF
3O] I I . IPT]SE .L]ENTEBL
.IO 1 I}IITIRTE II4EPTUEY FOF .DYNHI.{rI EL.IUHTIOT{5
5O ]  F ILFHF. t I t I . .FLF 'H f f . I I  I } i LPHF.N . I I LPHF ITHETFI . I IT I . ' THETR.E  ITHETF. tTTTHETf r  I
60 I  FH I  . nB . 'FH I  . t r  rPH I  . r ' . 'PH I  rTHETf r l  . r t . , ' THETFI  r r rELTF .n . 'DELTF  rp : i I  . t r . / ps I
Pf i  ]  OF T STEP TIT TO TF
AOJ IT'ITEL;EIiTE .II ' /I i IIHIC
90 ]  EHECUTE .EUTFUT

100  I  EN I '

Firat, the statement READ DATA of line 10 reads the input data case from a
file contalnlng the paraDeters and lnitlal conditions. Next., the controller
block .COMTROL is inposed to control MERCURY.

T I O ] ' :T]NTCOLLEF .I::EHTEOL FOFr I 'IERI:LIFjY
t '3 t : r  I  5Hr,E=frTPRI l jT
l - t f l  I  ' : lT IFF=1

I5O ]  '  IHTEEFiC:T
lErl I Et{I '

The first trro 'statements of the controller block specify the' print Lnterval
for the generated functions and select the stiff equation nethod of MERCURY.
The INTEMCT statement inLtlates a dialog wlth the user at the TIY ternlnal-
for additlonal data input, if required.

Line 40 of the probJ-em block initiates MERCURY to solve the ODEs residing in
the model .DYNAI{IC. Then the INTEGRATE .DYNAMIC statement executes MERCURY
t.o Senerate the functions from T=0 to TF=.l seconds. Next, the .OUTPUT
procedure:
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3TO]  PRT]C :ENUEE .EUTPUT
:{e0l  EF:El l l - lTE . l ' lEFj I rFTFt  (  l  rTI t ' lE r  j  rHLFHt i .  r i  rFHI .  j
: _13 t r l  HUI ' 1= .S I3E{T I l ' lE }
: -1401  EJECT 'F |LFHFI r  FH I  T I1FLE '  PFL ;E
:{=L ' l  I  TFEULFTTE TIPIE TFILFHF. rFHI .' f , 8 0 1  F I : 3 P L = . I r H T F r . ' o '  e ' + '  i
3 7 0 1  E H E C U T E  . P L O T ( :  - . U E = r . r l i 5 . ' o = n L F H F  + = F H I  r H i F L r F t L P H t l  . r " i ) " r F H I . r . +
3$O ]  PUR6E RLPHF.  IFH I  .
j 9 0 l  E H E C U T E  . l ' l E R D f i T F r , 5 r T H E T F .  r , f  r T H E T r l l .  r l r _ r  r F i :  I .  r
. IOO ]  E- IEI- . :T 'THETf i  r  THETFIT I  P! . I  TFIELE'  FH6E
4 1 0 I  T F E U L H T E  T H E T H .  T T H E T H I  .  r F : i  1  .
4 3 0 I  E H E L T U T E  . P L O T i :  - . i 5 r . ? 5 :  . = T H E T F  + - F : 5 .  I ' r n : ! . F L r T H E T f i .  r ' o "  t P : i I .  r " * '  r
45 r - i l  PUREE THETF.  rT l - . tETR l  .  rP I : I  .
46 IJ ] E"":EI]IJTE .T,IEFDF|TFI( -J IIIELTFI . i
4 iO ]  E - IE! : .T "  DELTF THELE'  PFL;E
+; l tJ  I  TFIFI- ILF|TE TI t ' lE r t rELTFr.
4 9 f : l  l  E H E E U T E  . F L O T ( . - ? . = r i . 5 r ' o = I T E L T F ' r " o ' T I T E L T F .  r  " f  , '
55i I Ell l l

is executed to retrieve the generated functions and prepare program output.
The generated functions are retrieved by executing the uti l l ty procedur;
.MERDATA. Subsequently, tabulat output is written on the SCROLLT file using
the EJECT 'page titler PAGE statement and the TABULATE sratement. prlnter
plots of the generated functions are produced by executing the procedure ..PLOT

5E0I PRul-Er 'uRE .FLor(Yl"4IH ryt4Hi i  rT l rLE r r l :HFRi  r r l :uE' , , r1 r r : :HFrFj l  rETt_:  . ;
SiO ] PFRIII"IETEF' P
5F IJ ] L]FILL :iETPLOT r:F I LE I i I rE .i
5 - - { [ ]  CFLL  FF : f fHEa i r l rT IHE i :  l 1u t4 . ' ,  I  T IF lE . r " !H I l ' l r t ' i ,  FF rF :F t ' tETEF l : i  OF  l t o : :E  r=EFF j . . i
E0L]  I  r l t iLL FRRHETT.yHIf l  r  rHRl . , i  TTITLE r [ :HHF_t . ,
E1 [  ]  f l = .NFEG;1 -4
6 i : - 0 1  F E R  I = 1  S T E P  e  r 0  n  L t l i L L  c u E V E { : N U t ' t r F i  I + E ' r T I H E r F e .  I + q , i . i
6 : ]N ]  I ]FLL  FLOTIT
64 tr I END

Thls procedure uses a parEneter vector P to handle a variable number of
lnPut argunents. The statement CALL SETPLOT (FILE,SIZE) specifies the ourput
mediun and the size of the prlnter plots, where the variables and the slze
were specified by the user when the INTERACT sratement [.CONTROL 150] was
executed. rn this example FrLE=1 (PRTNTER) and srZE=l were selected.

The execution dlalog for this problen rras as foll_ows:

_---IFITERFICT L.IUEET T .I::ONTEOL

'?  F ILE= l  g l l t r= t . r

.---DffTH INPUT EOFIFLETE

l 5 D  l

FolLow-ing executlon, the output files were saved in the following dialog:

tTh" scRoLL fu.
a SELECT SCROLL

ls the nominal output nedlLm for tlme-sharing PROSE, thus a
atatement ls' ururecessary.
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- - - -SFECIFY  FUNCTIOH
? SRVE
- - - -FUHETION IS  SFVE
--- - : : i fROLL UUTPUT I  =FILE, 'NOHE
? =NE.:-SCR
--- -Pp I  NTER 0UTPUT r  =F I  LE, . i1ONE
? =NOSFR
--- -OUTFUT : :RUED r  j r lEELL=HE:. : i r_pr  ,

Next, the user terml-nated the tine-sharing
utilltles EKPORT and DISPOSE ro transnit
FILE to a renote batch terminal.

----: iFEr- I F f FUHTIT IOft
? I . lUIT

----FF:O::;E T IT'lEICHffFJ IH6 JEii:IOIr
E:,.:I T .
'EET !EI :P0RT
'E:FtLL r EliPURT r EEHff t"lE { :tr lEOLL=HB !

E H I T .
- t lET Tf lCIPR

"fi I:::FoitE I l. loSFF=FE rE I =9 0=:j 0t{t i.
x;t l MB'iE I HE:jFF:=pR.'E I =,f n=::l r! i l f, .

FF: I 11TEF.=t{U!:FE

PROSE session and used the
thE SCROLL filE ANd thE PRINTER

r : :E | ' IFLETE.  THFI I - |P i ' i 'O t j

irlF: r I D='J Ll5rl 0t.ll:, .i

Pages 1 and 2 of the SCROLL file contaln the table of contenta

l .  q . a n t - l -  F  I r . r  T A F t I  L
7 .  O r T !  e ^ c E  I  t . l
1 .  I ^ , T r a t a T  : 1 t l r : o y  f
4 .  A l  o ' l l r  P H I  I A r !  F
5 .  T H F T A T  T h f  T A l .  D c
f r .  i r F l - T A  T A H t  F '
7 .  I c - l \ J n - n { : - F I t  F  I

r ) f ' ( l f i r ! T i \ t T s

( \SF  ( , . i -  i  ? f i  I
. c o . r T , r 0 L  l q n  l

I  I i r l  r

and an echo prlnt of the lnprt data flle:
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- . - - D A T A  C A S F [ . ^ t n S F G F A
' ? 0 1

. ^ l o s E G F A t r  I1  n  I  I  J N P I  l T  P A a A T T F T F  r ? S  F ^ r ]
? O )  C = . ( ) 0 0 n ?
3 0 1  c I = . 0 0 1 A
4 0  I  C Q =  l f -  - 5

5 0 1  l l  1 = < Q f l
A 0  I  H = q o . 2
7 0 1  l = ? .
4 0 1  I F = 5 0 0 n
q 0 l  I S = 7

l n 0 l  K A = " j f 6
1 1 0 1  K o = l l . l 5 F 7
l 2 0 l  r f = l F 7
I  i 0 1  [ - = 4
l 4 0 l  t  G = . 9 1 2
I  50  I  r - t=  .  /+69
I  A O  I  p - . 1 1  0 0 2 h
l 7 0 l  a = l  t . J
I  q 0  I  - q = 2 2
I  q 0  I  V = 4 s 5 0
? 0 ( . 1  |  u , - 3 r ) 3 0 0
2 l n l  C R = /
??( )  |  o " tF / t  A  =  -142 

.  8L- ,  7
?  . " . 0 1  T = r l
? t  n l  ' ) T = . 0 0 r i j

? 5 o l  D T D T I T I T = . ^ 0 1
7 ^ a  I  T F = .  1
? 7 n l  t l \ i  t T I A t -  C n ' r t : r I T t n r . J S l
2 n n l  A l - D ' { A . r ) - 0
? q O  I  A l .  o { A = .  ^  I  7 5
' l 0 O  

)  T F t r T A . i ) - r ' )
? l 0 l  T H F T A - . 0 I q
i ? 0 1  P ' 1 1 . ; ) - 4
3 3 n  I  P h l - i r
1 4 0 1  T H F r t t . l = , 1
3 c C  )  D F t - T A : 0
: l F ^ l  ? c I = t  /

- - - - D d T a  I r l o r t T  a r ) r , , t p l  f T t -

5-22

Page 4 of the SCROLL ls a tabulatl-on of the generated functions ALPHA and PHI:



l .
2 .
3 .
4 .
5 .
6 .
7 .
8 .
9 .

1 0 .
l l .
l ? , .
1 3 .
1 4 .
1 5 .
1 6 .
1 7 .
1 8 .
1 9 .
? 0 .
? t .
? ? - .
2 3 .
? 4 .
? . 5 .
? 6 .
? 7 .
? F .
7 9 .
3 0 .
3 t .
1 ? .-13 .
3 4 .
3 5 .
3 h .

T I M E
I  . 0 D 0 0 0 0 F - 0  3
2 . 0 0 0 0 0 0 F - 0 3
: t . 0 0 0 0 0 0 F - 0 3
4 . 0 0 0 0 0 0 F - 0 3
5 . n o o o n o F - 0 3
6 . 0 0 0 0 0 0 F - 0 3
7 . 0 0 0 0 0 0 F - 0 3
I t . 0 0 0 0 0 0 F - 0 3
q . 0 0 0 0 0 0 F - 0 3

. 0 0 0 0 0 0 F - - 0 ? -

. 1 0 0 0 0 0 8 - 0 2

. ? 0 0 0 0 0 F - 0 ?

. 3 0 0 0 0 0 F _ - 0 2

. 4 0 0 0 0 0 F - 0 ?

. 5 0 0 0 0 0 F - 0 2

. 6 0 n n 0 c F - 0 "

. 7 0 0 0 0 0 F - 0 ?

. E 0 0 r t  0 0 F - 0 2

. 9 0 0 n n 0 F - 0 2
2 . n 0 0 0 0 0 F - 0 a
2 . 1 0 0 0 0 0 F - 0 e
2 . 2 D 0 o 0 0 F - 0 2
2 . 3 0 0 0 n 0 F - 0 2
? . 4 0 0  o n Q r - 6 2
2 . 5 0 0 0 0 0 F - 0 2
2 . 6 0 0 0 0 0 F - - 0 2
2 . 7 0 0  0 0 0 F  - 0 ?
? . | . 1 0 0 0 0 ' l l j  - 0 2
? . 9 0 0 0 0 0 F - n 2
1 . 0 0 0 n 0 0 t r - 0 ?
3 . 1 0 0 4 0 0 F -
3 . 2 0 0 0
J .

J r . - 0 2
0 4 n n 0 r - 0 2

q . r . 0 n q X l F - 0 2
' { . 7 0 0 ( l 0 l F - 0 2
' 1 . 4 0 0 0 0 i ) F - 0 . )

i . 9 0 0 4 n n F - 0 2
a . 0 0 0 4 n n F - 0 ?
a . l 9 0 4 n n F - 0 /
e . / 0 0 0 0 0 i - - 0 2
q . 1 n o o n 1 t r - ( ' t ?

; . 4 0 0 0 n 0 F - 0 2
9 . 5 o n f r f r n f - D )
) . 6 0 0 r ) n 0 F - 0 2
9 . 7 n 0 0 0 . , r f - 0 2
e . i l n 0 o 0 n f  - 0 a
9 . 9 0 0 0 0 0 F - 0 ?
1 . 0 n 0 0 f i 1 r - 6 1

The PRIMER fLle contalns
TIIETA, PSI (second plot),

A I  P H A .

. 7 0 4 o 9 5 F - 0 2

. 5 7 5 q . 1 ? t r  - 0 ?

. 3 B l l 6 6 F - 0 ?

. l 3 3 q l g F - 0 ?

4  . 6 9 2  , : . 1 n c
7  . ? l  A ;

j n r - P - 1
: 2 7 A 1 R 7 t r - 0 - t

B  . 4 7  4 ^ ? s t r  -  o 3
5 . 3 4 7 7 5 5 F - 0 - l
2 . 0 8 5 7 t , $ F - 0 3

- l . l R T n l R F - 0 : l
- 4 . 3 5 5 t  ? o t r  - ( r 3
- 7 . 3 0 7 6 3 5 F - 0 3
- 9 . 9 4 6 n 1 z t r - 0 3
- 1 . 2 1 8 < 4 2 r - 6 2
-  I  .  3 9 5 < r 4 r - 9 2
- l  ' 5 ? 0 ^ 6  I  t r - o ?
- 1 . 5 9 0 > 7 4 F - O ?
- 1 . 6 0 3 4 6 8 t r - 0 2
- 1 . 5 5 C c 8 9 t r - 0 2
- 1 . 4 6 ? ? q q t r - 0 7
- 1 . . 3  l 5 i q 5 t r - 0 2
- l . l ? 4 - t 7 6 € - 0 2
- ' 1  . 9 7 6 q 1 4 t r - 0 3
- 6  . 4 ? 4 ' r q q t r  - 0 i
- 3 . 6 ; r 4 l + - 1 7 t r - 0 3
- P . 5 2 J q , 7 4 t r - 0 4

1 . 9 7 ? r A 2 F - 0 - ]

P H I .
1  .  l 4 9 l  0 7 E - 0 3
j . i 0 4 6 3 l E - 0 3
: 1 . 8 0 5 1 5 1 E - 0 3
4 , 0 7 8 7 3 ? E - 0 3
3 . 3 7 7 6 A 7 8 - 0 3
7 -  . 6 4 ? n 4 7 E  - 0 3
1 . 5 6 1  l 8 8 F - 0 3
4 . 4 5 3 0 4 2 E - 0 4

- 7  . t , ?  l 5 t l ? E - 0 4
- l  . 8 4 ? 4 9  I  E - 0  3
- ? . 9 4 8 6 5 9 E - 0 3
- 3 . 8 8 4 j 0 7 F - 0 3
-4  .  4589  3 / .E -  0 ' l
- 5 . 2 4 3 6 7 5 F - ( t 3
- s . 6 2 e 0 6 2 E - 0 3
- 5 . 7 8 3 3 1  3 F - 0 3
- 5 . 7 ? 7 1 8 0 E - 0 3
- 5 . 4 5 9 7 7 9 E - 0 1
- 4  . c 9 4 9  I  4 E - 0  3
- 4 . - 1 5 4 n 5 9 F - 0
- 3 . 5 h 1 5 7

3 j 3 F - 0 3
. c g 7  ? 6 ? F  - o t 4

9 .
9 0 .
9 1 .
9 ? .
9 3 .
9 4 .
9 5 .
9 6 .
9 7 .
gtl  .
Q 9 .

1 0 0 .

- 9 . 2 1 9 . r i 4 r - 0 1
- 9 . r r 3 2 ' l  0 3 F - O l
- l . 0 n g . : l  n F - 0 2
_ l . 0 0 I 6 n n F _ 0 2
- 9 . 5 4 0 1 3 ? F  _ O . l
- A . 8 4 7 r t  3 F - t ) 1
- 7  . F r t  I  a R r ) F - - 0  3
_ b . r - c , q 2 n 5 F _ ( )  I
- - i . n o a / . q n t r - 0 1
- r . 3 q q q 7 l t r - 0 - l
- l . 6 l f { r 4 4 t r - 0 3

1 . 5 4 5 6 q 1 t r - 0 4
l . { 9 7 - r c q t r - 0 1
J . 5 5 n 1 l : ) r - 0 - l
! .  O r i Q a 7 f i t r - 9  - l

6 , . 3  |  - 1 r 1 6 2 t r - 0  1
7 . 4 C 1 ^ ? l F - o l
A . 2 5  7 o q r t r - 0  I
6 . 7 7 n q 5 7 t r - 0  t
E  ' 9 7 5  r l l  t - 0 - l

- 4  . t 1 A ? 4 7 " 4 F  - 0 4
- l . 7 n H ?  7 l F - 0  j
-  I  . 8 7 6 8 9 7 F - 0 3
- ? . 4 7  l / r 5 4 F - 0 3
- 2 .  c 7 3 3 6 7 E  - 0  1
- 3 . 3 f ' 6 3 3 f i F - 0 3
- 3 . 6 3 8 ' 1 8 5 F - 0 3
- 1  . 7 8 1  7 4 l E - 0 : l
- ? , . 1 e  - J s 4 3 F - 0 3
- 3 , . F ' l t 2 r t 7 E - n ' 1
- 1 . 4 3 2 5 q 7 F - 0 3
- j . , r  7 5 5 1 7 F - ( t : l
- ? . ^ l  B l  7 7 F - 0 3
- ? . 0 7 f 5 l 4 F - 0 ?
- 1 . 4 7 . 1 4 0 5 F - 0 3
- , 9 . 2 f i 4 0 1 9 F - 0 4
-  I  . 6 0 6 8 3  l F  - 0 4

5 . 4 1 ? 5 4 9 F - 0 4
l . l 3 6 q 7 l F - 0 1
I  . 7 2 4 7 9 8 F - n 3
7 . 2 4 5  I  0 3 F - o i
2 . ^ R I ? 7 6 8 - ( ) 1
l . ' ) l g f ) 4 0 t r . - n J
1 . ) 4 9 6 4 4 F _ 0 3

l .  1 6 4 q 4 4 F - 0  1

the prtnter plots
and DELTA (third

for ALPIIA,
plot) :

PHI ( f l rs t  p lot ) ,
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APPLICATION PROBLEM 5-5

LIQUID ROCKET FEED SYSTEI'{ EQUATIONS
( Inp l i c i t  D i f  fe ren t ia l  Equar ions)

The fol lowing pair of dif ferential equations

g x = i + ( l + . - t l 2 o " i n

-  l r
g y = i + ( l + " - t l 2 0 " i ' r - r;<+i>[r.rs +rofffi] = o

are  charac ter is t i c  o f  a  l iqu id  p rope l lan t  rocke t  feed sys tem in  the  presence
of a longitudinal vibrat ion that is damping with t imerwhere x and y are the
weigh ts  o f  Ehe ox id lzer  and fue l  respec t ive ly .  The so lu t ion  o f  th lse  equat ions
may be achieved by nesting the lmplici t  equation solver AJA]{ inside the oDE
solver JANUS' The fol lowing f low diagram i l lustrates the structure required to
so lve  inp l i c i t  ODEs.

Program Structure Diaeram

= 0

r t /Z ) t .SSf ,

. I D E

1. Set lnl tLal cond.
2. lnl t late JANUS In tegra t ion  process

3. Integrate unti l
t > 5 0 JANUS\- r  / \  - /+

I  .DEQ
Imp l ic i t  Equat ion  p

I

I
I
I
I

F I N D  i , y  t o

Tt=h-ggev--

.I AJAX

l

I
I
I
I

IEQ

Compute

9xrBY

I
I
I

rocess l

I
I
t_

I
I
I
I
I
I
I
I
I
I
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E \ D

F N n

Discus.sion of ResultS

The f irst report of the output is a solut ion suunary from the solver AJAX.
This was generated at the init ial  point result ing from execution of the nodel
b lock  .DEQ by  t t re  IN IT IATE s ta tenent .  A  s imi la r  so lu t ion  is  cornputed  four
t imes per integration step, in order to compute derlvatives for numerical
integration, but the surnmary report is suppressed by the statement SUI!f f t lARY = O
in  the  imposed cunt ro l le r  b lock  .SETl .

The second output report is the globa1 varl"able dump, and the third report
i s  the  in tegra t lon  h is to ry  genera ted  by  the  DISPLAY sraremenr .
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5 . 5 5 5 8 r 0 3
5 . 5 4 ( r F .  r  O  3

.  75 ' ) f :  +  { i  l

. t 2 l F r O I

. ' l F  a l .  r  0  l

. ' t l 7 t ' r r ) l

.  7 . t { f  +  o

. A ? L l -  e  ( l

. ' { 1 0 t r + 4
-  l  .  4  1  n c  + ; 1
-  I  . ' /  l r r r  r , 1
-  I  . ' r  2  1 t  . 0  I
- 1 . ' 4 0 f  + n
-  I  .  q  I  a [  .  n
- 1 . - 1 J 5 F . . 0
- l . i { 2 2 - F r t )
-  l  .  i  l 4 i  .  n
- l . r 2 0 l _ . 0
- l . i l 0 t - + n
- 1 . 9 2 2 F + n
- 1 . 9 ' l n E + o
- 1 . 8 2 0 F r 0
- l . 9 l t + F - . t
_ l . r { ) 2 8 + { )
- 1 . 8 , > 7 5 . n

J . i 0 f . c + 0 1
3 . 9 0 5 F + 0 1

1 . 0 0 5 r + D
' + . l o 6 r o 1 1

1 .  ? 0 6 r  +  o
4 . 3 0 5 c + 0
4 . / + 0 6 F f n
4 . 5 0 5 r r 0
4 . S f l $ r + f l
4 . 7 0 f r t + 0
4  .  B  0  f . r ' +  n
4 . 9 9 5 r . 9 1
i . 0 0 5 c . 0 1

-  I  .  . J 2 I  f  . 0  I
- l . r l l 6 E + 0 1
- l . R > l F . 0 l
- 1 . 9 2 5 E . 0 1
-  I  .  j t / l  t  +  0  I
- l . , l l 8 F + 0 1
- I . i 2 l F . 0 l
- L t ? 4 F + 0 I
- 1 . 8 2 1 5  + n l
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APPLICATTON PROBLEM 5-6

TWO-POINT BOUNDARY VALUE PROBLEM

Problem Statement

Solve the second order dlf ferential equation

(l+er)

subJect to the boundary condit ions

Y o = 0 , Y 1 = 1

where the init ial  condit ion y i" unknown.
o

In order to match the constraint thet y1 = t hre can pose an implici t
functlon e(io) in the fol lowing manner:

e ( i o ) = 1 - Y l = o

where y1 ts the solut. lon at t

; = - ( l + e Y )

( 1 )

subJec t  to  the  in i t la l  cond i t ion
i o  a t  t  =  o .

= I of the dif ferentia,L equation

<2)

yo = 0 and the unknown init ial  condit ion

This problem can be solved by nesting rhe solurion of (2) by ISIS inside
the solut ion of  ( l )  by AJAX as i l lust rared below.

Program Structure Diagram

.T}IOPT

adients
o l
aluBted

-'t

ss

I
I

I
I
I

F F r
t l
l l

l r

J
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Gradie
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. INITV EvaluH

In tegra t ion  Proce

I
I
I
I
I
I
I
I

I
I

I
I
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lSlS fs used as the lntegratlon solver ln thls problem, becauee Partlel
derlvatives (gradlente on fo) nust be propagated through the integratlon
process ln order to evaluate

-a
ai- o

whlch is used bv AJAX to flnd I .-  - o

Progrs Llstlng

,----+ - -: : : : :- : l : l : : : : : :_+-____-_

1  P R O E L E } I  . T H O P T
2  Y  U 0 t 0 = 1  (  I N I T I A L  G U E S S I
3  f i T = . 0 5
i {  F I N D  t  I N I T I A L  C 0 N 0 I T I 0 N I  Y D O T 0  I N  .  I N I T Y

T O  M A T C ' {  T T E R } I I N A L  C O N S T R A I N T I  T '

5  M O O E L  .  I N I T V
6  T = , 1  V = 0  Y 0 0 T = Y 0 0 T 0
9  I N I T I A T F  I S I S  F O R . I ) I F F  E O U A T I O I , i S

Y D D O T / Y O O T , V D O T / Y  O F  T  S T E P  D T
1 T  I J I . I f I L  T  G E  1  I N T E G R A T E  . N I F F
! ?  G  t  T E R t ' t I  N A L  C o N S T R A I  N T  |  =  Y -  1
1 3  E N C  t .  I N I T V T

1 q  M 0 n E L  .  D I F F
L 5  v 0 0 0 T = - ( 1 + . E X P ( V t l
1 6  E N I  T . O I F F I

t7  END {  .  r r . tCp t  I

+ - - - - - - - - - + - -  - - - - - - - +  - - - - - - - - - + - - - - - - - - - + - j - - - - -

Progrlo Output

+ + + + +  S U M i . I A R Y  L O O F  R E S I L T S  F O R  i M P L I C I T  E Q U A T I C N  S O L V E R  A J A X  T T

T  I N V O K E D  I N  B L O C K  .  ' I . I O P T  A T  S T A T E H F N T  4  F O R  I l O D E L  . I N I T Y

C O N V E R T , I  N C E  C O N D I T I O T \  C O N S T R A I N ' l  S  S a T I S F I E 0
A L L  S P E C I F I E T '  C R T T E F I A  S A T I S F I E O

L O o F  N t ' r i l t P  . . . . .  t  I N I T I A L I  L  ?  3
UNKN O I {NS

Y n 0 T u  f  .  i i 0 0 i 0 c 5 + 0 0  2 . 3 3 € , 5 3 5 € + 0 e  ? . q 6 9 9 2 e E + 0 0  2 . r . 7 1 E 9 5 E + 0 0
C O N S T R A I N T S

G  - 1 . , r 8 5 ? 3 5 E t 0 C  - 8 . 8 ? 9 7 7 g E - - O ?  ' t . ? 7 5 7 t ? E ' 0 3  - 2 . E 7 8 5 9 0 E - 0 7
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APPLICATION PROBLEM 5-7

CANTILEVER BEAM DEFLECTION

Consider a horLzontal elast ic beam under che action of vert ical- loads.
It  ls assumed that al l  the forces acting on the bean l ie in a plane
contai.ning the central ar<is of the beam. Choose the X-axis along the
central axis of the beao in the undeforoed state and the posit ive
Y-axis dovn. Under the. act ion of external forces Fi the beam is bent
and lts central axis deforoed. The deformed central axis is known as
the elast ic curve, and i t .  is an important problem in the theory of
elast ici t iy to deterDine i ts shape.

A bear made of elastic material that obeys Ilookers law is known to
deforo in such a way that the curvature K of the elastic curve is pro-
Portiooal t.o the bending moment M. In fact,

K -  r t t  - M
r  o 1  3 1 2  E I
I  r+(v ' ) '  I
L J

nhere E is loungrs modulus, I  i -s the Eoment of inert ia of the cross
section of the beam about a horizontal l ine passing through the centroid
of the section and lying in the plane of the cross seccion, and y i-s
the ordinate of the elast lc cun/e.

The bendlng monent M in any cross sectlon of the beam is equal to the
algebraic sun of the Doments of al l  forces acting on one side of the
section. Ihe mooents of the forces Fi are taken about a horizontal line
lylng in the cross sectlon in question.

Consider a cautilevet bea[ of length L, built in at x=0 and carrying a
concentraced load Q applled at the end ,(=Ii.

lte resultlng moment in a cross section x ft from the end x=0, produced
by the loads acting to the right of that secrlon, Ls M-Q(L-x).

5-33



The d i f fe ren t la l  equat ion  o f  the  cent ra l  l ine  o f  a  cant i lever  beam sub jec t
to the end load Q is

y" - g._

Fili1r, 
=fr (t'-x)

The solut ion of the dif ferentlal equation given above would be accompllshed
using the folLowing trro statements.

IN IT IATE IS IS FOR .DIFF EQUATIONS
D?YDX?/DYDX, DYDX/Y OF X STEP DX TO XL

I N T E G R A T E . O I F F

The node l  b lock  .DIFF conta ins  the  d i f fe ren t ia l  equat ion(s )  to  be  in tegra ted :

M O D E L . D I F F
M=Q*( L_X )
DZy DX2=i4/ ( E+l ) * ( I +DYDX**2 ) *" (3 / Z)

END

Here, the lntegration is complicated by the fact that the upper l imit is not.
known. The overal l  length of the bearn is given, but the distance, 4 .  of
the free end fron the ori .gin, measured along the X-axis is not. 

-

rf  
\  

were known, the step size could be specif ied as some fracEion of x",

and the solver ISIS would integrate the dif ferential equation yielding the
displacernent in the y direct ion at each step.

The calculat ion procedure involves sett ing up a nodel .BEAM which performs the
integration using rsrs. The solver AJAX is used to f ind x1, rN .BEAI,I  subject
to the constraint that the integrated arc length is equal to the given bean
length. The arc length for one integration step is given in terms of x and
vbv

d s 2 = d * 2 + d y 2

thus

d " =
dx

so that the total arc length is given by

1+(y '  )  
2

fa ,-s --J 
{1+(y'

Since ISIS can solve
in the sane INITIATE

any nynber of equatlons,
statement used to solve

thls integration is included
the  or lg ina l  d i f fe ren t ia l  equat ion .
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The PROSE progran l ist lng, lncluding the data input ls glven below.

N O . P R O S E  S T A T E M E N T S
. - - - - - - - - -  a - - - - - - - - -  + - - - - - - - - - ' - - - - - - - - -  a - - - - - - ' - - '

I  PROELE i , I  .CANT ILEVER.BEAI ' I
?  R E A O  D A T A
3  F I N D  X L  I N  . B E A M

R E P O R T I N G  x T Y T S L O P E
T O  M A T C H  L E N G T H . C H E C K

4  E N O

)  - - - - - - - - -  a  - - - - - - - - -  a  - - - - - - r r r  t  r r o r r - - - -  O - - - - - - - - -  ' '

a  - - -  - -  -  -  -  -  +  - -  -  - -  -  -  o r  |  - - e  -  -  -  - - -  a  - - - - - - - - -  +  - - - -  -  -  - - -  a

I
?
3
7

I
l 0
l l
l 2

T , I O D E L . E E A M
0x=xL l20
l = 0 r  Y = 0 r  S = 0 r  D V O X = 0
I N I T I A T E  I S I S  F O A . D I F F  E O U A T I O N S

O Z Y D ( I / O Y D X T D Y D X / Y T D S D X / S  0 F  x  S T E P  D X

U N T I L  X  E O  X L  I N T E G R A T E  . D I F F
L E N G T H .  C H E C K  = S - L
S L O P E = . A T A N D ( D Y D X )

ENO

i loDEL  .D IFF
D S D I = . S Q R T  (  l . D Y D X o o 2 ,
H= t {a  (  L - I  I
DZyDXZ= |4 /  (E { r I  t  c  (  l . oyDXrcZ )  r { r  l 3 /Z l

END

. - - - - - - - - -  +  - - - - - - - - -  + - - - - - - r r o  f  o e - r a - - - -  a - - - -

I  INPUT DATA - - - -

I
?_
3
..
5

E = 3 8 7
l = 1 6
L = 1 2 0
X l . = 1 2 0
b i = 5 0 0 0

v  YOUNGS I IODULAS v
\ ,  M O M F N T  O F  I N E R T I A
V  L E N G T H  O F  B E A M  V
v  I N I T T A L  G U E S S  O F  X
V  C O N C E N T R A T E D  L O A D

O F  C R O S S  S E C T I O N  O F  E E A x  v

D I S P L A C E M E N T  O F  F R E E  E N D  v
A P P L I E D  A T  F R E E  E N D  V

The output from this program consists of the [JN( s,mmary report below:
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o{rcn} sul,l l , lARY

t  I N V O K E D  I N

LOOP QESULTS FOR IT , IPLICIT  EOUAI IoN soLvER AJAX l ' { ' c io

ELOCK .CANTILE  AT  STATEI . IENT  3  FOR HODEL .BEAI , I

C O N V E R G E N C E  C O N O I T I O N  O ' O "  U N K N O T N S  C O N V E R G E D
C O N S T R A I N T S  S A T I S F I E D
A L L  S P E C J F I F D  C R I T E R I A  S A T I S F T E D

L O O P  N U M B F R  . . . . . . . . .
UNKNOWNS

xL
C O N S T E A  I N T S

L E N G T H .  C
O T H E R  V A R I A E L E S

x
Y

SLOPE

(  T N I T  T A L  I

1 . 2 0 0 0 0 0 8 + 0 2

I  . 8 0 5 8 0 9 E - 0  I

1 . 2 0 0 0 0 0 e . 0 2
6 . 0 1  l 6 I  l E o 0 0
4 . 3 0  I  2 2 2 E t  0 0

I

l . 1 9 8 1 9 9 E r 0 2

7  . 6 7 6  I  3 5 E -  I  0

l . l 9 8 l 9 9 E + 0 2
5 . 9 9 8 0 6 8 E  +  0 0
4 . 3 0 1 2 1 3 E r 0 0

. t { lC to l ro l } . to . t { r [ { roo | r l too{ too  END 0F LOOP SUi IMARy { r rD{ rooocr 'cc l r r ' r l ' o r r | ' | ' t l c } t }

I t  should be noted that the above solut ion does not require restr ict lve
assumPtions. I t  is conrmon practlce ln elast ici ty problems to consider only
smal1 deflectLons. when the deflect ions are small ,  the slope of t le elast ic
curve  is  genera l l y  a lso  smal l  and l t  i s  assumed tha t  the  te rm (y r ) ' can  be
neglected. Such an approxirnation is total ly unnecessary here. The complexity
o f  the  d i f fe ren t ia l  equat ions  does  no t  e f fec t  e i ther  rhe  s 'u ruc ture  or  accuracy
of  the  so lu t ions .

A simple extension of the above problem would be to consider, in addit ion
to  the  concent ra ted  load Q,  a  d ls t r ibu ted  load W(x)  and a  coup le  C app l ied  to
the end x=L. The resultant moment in a cross section x f t  from the end x=0,
produced by the loads acting to the r lght of that section is

fL
I

M(x )  =  |  (E - " ) r (g )dg  +  Q(L -x )  +  C' I

JX

thus requir ing the solut ion to the dif ferential equation

----4-=-,= = L [t (6-x)w(€)d€ + Q(L-x) + c
[1+(y ' )2 f t2  u tJ

x

The only change in the above PROSE program
which would contaln the equations for M(x)
fo r  th ls  node l  in  .D IFF.

would be to create a rnodel .I'IOIIENT
and to INITIATE and INTEGMTE ISIS
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APPI,IGMIM PNOf,I.EI 5-8

HEAT InAfSf,rB If, A IIPBE EIII
(A fro Point fornaary Yalrle Probler)

Gonslder a tapered fin of trqlezoidal proflle:

v(e)=i*<o-r( l - i ) , -

lte governing equation fsa tlra t€{rerature .llstribution i-n the fin i.s the
aqpdimncionallzed second order differentiar equatim

U2, =2(IfO)y/cos 
c + (i l , - xr),dy/dr 

_ o
& 2  

x Z + ( f , 3 - f , r ) ( l  - x )  " t

nhere y = nmdissional t€qreratrrre = (T - T_)/(Ty - 
I_) .

I = aq6fli-nsiqal distance = 1gl[

,
t r = q r - l ! ( T u - T _ )

nhere q is the uniforn rate of internal heat generation per rmit
volrre (via nuclear fission, electrical dissipatiom, chelical
reaction, etc.) and k is the therual conductlvity.

N^ = e/rz

N^  =  b / r
J

x. = ilc/t where t is tte average c@vective heat transfer coefficieot
4

Based upoD the known physical conditiolls for a fin, it is usually necessary
to specify the value of the boundary conditions at teo points, unless both
the tenperature and the temperature gradient at x=O are knmn. Por exa.qlle,
in a fin Fith an adiabatic eod, one can specify the value of Y at x{ and
the value of dy/dx at x=1. It is then necessary to find a value of dyldx at
x=0 which allows the resulting temperature profi-le to satisfy the end condi-
t ion at x=1.

-I_
e

T
Y

T@
T

b

I
T*

L._
u
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This ls acconpJ.lshed In PROSE uslng the scatenent

FIND DYDX.O IN .BOUND TO MATCH DYDX.I

which invokes the solver AJAJ( to operate on the nodel .BOUND. .BOUND
contains an integration process enploying the solver JANrsrs. The process
is init iated via . the statements

X=0,  Y=I ,  DYDX=DYDX.0,  DX=.05
INITIATE JANISIS FOR .DIFF EQUATIONS DzYOX2/DYUX,OYDX/Y OF X STEP DX

where the nodel .DIFF contains the dif ferential equation:

M O O E L . O I F F
DZYDX2= ( (2t  N4*Y / .  CoS (A )+ (  N3-N2 ) *gyor, ,  (  N2+ ( N3-N2 ) *  (  I  -x )  )  )  -Nl

END

The process is integrated to the boundary and the boundary condit ion DYDX.l
ls computed, vla the statements

UNTIL X EQ 
' I  

DO INTEGMTE .DIFF, EXECUTE .PRINT REPEAT
DYDX. I  =DYDX

The PROSE progrEm for this problen was designed to execute in
mode, to guide a user in solving hls problen. The output of
for a sanple terminal sesslon is glven below.

First the progran invites the user to request an explanation
an INTEMCT statement:

a t ine-sharing
this prograrn

then executes

* ---EEL; I111.t I n6 FFIEL;F]F|H E!,:Er: UT I0r.l

TfFE .EiiFLFII'I IF ' i 'OLI I,. iFIIT H FF:OI-.FJFiI.1 EI:FLhr{HTIOI,.I

- - - - IHTERF| IT  f l L IEE ' i '  t  . F IH

i  .E}{PLFI I {
. : . . E i i F L F I T I

- l l r  I

- - - -Ei iEI : :UTION H: i INE TE ELOI: : } .  .E: , iFLHII . t

THI ' PFlUrlFFl't : jOL,r,E":: THE Ttilo FEIrtT EOLttinliF'i, ,, jFt-.r_tE F'F:OI:LEF
: ] :E[OI{TI  OFJI IEFI  I  IFFEEEHTIFL EI ILIhTIOIt

Iri'i' Il:',:e - i i. eof{4 o't' r . l- 0:! i. Fl i + i. }l lr - f.li, I Lr'i Ir 1..
J |E: i r : :E:  IEI I {L;  THE Ol{E I ' I t ' lEHi IEf{HLr i :TEFfr i ,
I t I . : : IF j IEUT I I I ! . t  IT I  F  THFEFIEn  F IT I r  I , IHEF :E  i '
TEI . IFEFFTURE t lHI  l ' . i  I  i  F r tOH-Ir I  t lSt i :  I0 t { }1t

- - -_EETUFI I J I I IE  FEOH .E I :FLF I I l  I  IO I1T  i I J I - I I 116

u I t4E

::. THTE TEI'!F'EF:I- 'TI-IFE
I : r  H  l iC l l - I r  I l ' lE l i , IE t l r i L
I i  I : T H I ' i r : E .

I t.rF r_r T

I iJFLIT IOHFLETE



Next, he is requested to lnput an lnlclal guees for the unknowr lnltlal
condition, and another INITMCT stateDent is executed.

THE EOUI{ I |FIRY LIONITITIUFI . : :  r lEE.  .  .
F IT  H= l r r  T= l . r J r  t i T  ) i =1 . i r  I  I r f ! l ' . i = r_ t

i.DI-I FIRE FIEI-IUIFTEII TO IIIFUT BII ET:TII,hITEII IFLUE T]F THE TEI'IFERFTURE
ERtllr I EHT irYlr].i RT i'l= r_t . TYFE n'i,It;,+i . r1='.i fll_t_lf ..r

---- IHTERFT:T SUEPY t .Fl l l
' i  I ]YDX.0=- .5 . , '
)  DYI IH.0=- .5 . : "

----DFTF INPUT COHPLETE

e00  l

Next, the lntegrated results of the f irst l terat lon are prlnted:

t
I

THE RESLILTS
T' I.ITFHI::E
t .  r1rJ0Ll0r_ l

. 05 t l 0 t i l

. 1  D 0 r l 0 r l

. l = r : r  n 0 r J

. E t : l 0 u u 0

.E50 ' l t r u

..:+ rl fl f-r u fl

. : lEf lL ' l l r l

.4 u t-l L'l t:t tj

.45 Lr t:r il |J

.5 L'l tt tl 0 tl

. 5= ' J0 ' : r  U

.r : ,Ur lDrJrJ

. tr= 01'l f tl

. i t _ ]  t t uu t l

.15 11 r j t l r l

.EUf l0t i l_r

. E5 t_t r_t r,r ir

.'-f U U it L] t-l

. ?5 rj 0 r:r r:r
1 . r-ilJUnr:r 'J

EF IHTEIJFjFTIOf l
''d

t .  r : r t l l l f i ' : 'u
. '.?7= iP I
.951 4 ' : ,?
. . ] :EEE:
.'-+ f-r5i4 I

ra r-r '1 '_! - .a
o 8 8 . - r - l i  J

. BEih:{'_r

. rj4: ' :r 1i

. 'lE I 'lui::

. H t-!E= :-i 1

. lE: l€ . tF,

.  i 65E55

.74r:_?t,J

. i: l  rJ rJ4l

.  i  1 : i  1 6 E

.  E ' iE i4 i

. E:1 ul7'-i

.  EE5i .1 i

. E : u l  l ' _ 1

.  E, ' . -4=: l ' l i

.  E3 l  L lE  l

L i I U E . . .
IITDTi
- . :' l-l l-l l-l Ll l-l

- . . lE5e " tE
- .47 r j , iEC l
- . 4 5 t l L l 4
- .44 ' -1g. t5
- .4: i lJ ' - j5r l
- .4 l tt4tra5
- .4 u€.+.1 tJ
- ..::'34t:r l l
-  . : l ! l :1557
- . . i . C F - ' : l i

- . ' -{ f ,E: tJ ' j
- .:i5.: t-'lLi:j
-  . : l+i : :r  tJF
- .  i : : r :E iF_ :
- . . :r i  l i l i  r l
- .  l 1 5 u r - r i
- .  i ' J iF4 f .
- . i :rE:::!: j
- . E , 1 0 5 ] : j
- . i i iE ! i . l
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Then the aext iteratlon of AJN( ls prLnted, showlog the change ln the
unknowa boundary condltlon by AJN(.

THE PEO:::E SOLVEF. FI.-IF}{ HF:i: LH}I}IL;ETI TOUFJ E:]TII,IFTE TI]...
f|'t'fil; . rl = -E . F.5508:JE- l-r I

I HTE6F;FT I IIN '5 I VE . . ..
T lri'nt':

I . r.r tr r-r r_r i-r rr - . E€,iI '1.,1
.'lEi rr'3i - . EI r'li l:.r
. ' -1i43: l+l  - .Esei lEr l
. ' -?E:14' . fE - .EElE: l{ ,
. : {5e i6 :  - .E0 i4 r5
. i+4 i741 - .  t9 : j5e t
. '_1: -? i . : r40!  - .1737F.  I
. ' - t e4 iE  l  - .  tF_ .b lE [
. , - i tE iLrE - .15e7f . r - ,
. ' ir: l !. l t j t -.1'f, '15 l:t4
. ,30er1: l f .  . l IE: :Jr te
. : : 3 i E 4 i  - . 1 l : : r : { E i
. t l 9 l 4 ' . 1 =  - . 1 0 ' : ' = u 4
.EEt,i9tr -. r_]. ' f i?ee
.gE37El  - .  r . - ' is0eg
.L l i ' - l jEE - .UF_. j48- j
.S iF-4 i3 - .  r t4 ' j . ;=1
.Ei4 jUr_-r  - .  Lr . l i : - r . l i .
.E Ie l44  - .  ' J t {E i i
. L l i l l l l :  - .  r i l : 4 : { i
. . i i l : l t l  .  Ur t l ] t_ . t  Ui l

was achleved durlng this lteratlon, the AJA)( sumary

----Ft._rti: ' i  :!utlHFFj' i r IH"/ut.EIr t iT .FIH itn FoFr | '1EI'EL .EOi-rl{I l

r:oNri EFjEEl{r::E _BnIrI T ItrH
UHF::t{Ulrll{'! t. Otl'"'E R L; E Ir
tlEn::TF:tl It{T-:; iFT I iF I EI'
HLL : IPEIJIFIEI I  I : :F ' ITEF. I I i  : ]F TI : iFIEI I

THE EE.:ULT-T T]F
II I:TTFHI:E
tr . tr r-'l ri 0 l'l r_l

. l:r5 r'l ! U rl

.  I  f - r t t0Ul j

. l 5 t ' r l f r  f i

. e t r t r 0 t ' r J

. E5 f-r 0 rl r-i

. l0 t 'L ' lLr t ' l

. _15 t:' t:t L'l U

.4nE l , r : r n

. 45 tl ll il f-r

.5r-rr.tr_rr.t t-r

. =5 i f l r J l J

.600r l t r  rJ

. FJSf_t r:10 0

.Pt_lfJtJttt l

. i 50 [ r_ ]0

.E t rD rJ f l 0

.EErJt t t_ lD

. 3 0 0 ' J r l u

.'-15 (r U f-r 0
I  .  rJur : t rJ0t '

Since, convergence
prlnt follows:

LOOF HI-I}1BEF
UT{}.:HELJI{:!

n' i tr i i . u
r,Bt{:i:1p;6 111;

It'flt:.i . I

----Efl lr trF LOOF iUHf'tFE'r'

THE F.IiFjFII 'IETEFI:: U:!EII IrI

\JHFr I FELE IJIlI-UE:!
t {  I

t  .  r : t n ' J t lUuE- t l l
t14

I . U L I O U I I U E _ U E

t  I I I I T I R L ]  I

- 5 .  U t rD0 r : t  UE- r r  I  - e . ' : , 55 f i r : j : iE -01

- E , i l e ? i 4 . l E - U l  j . + 4 l E r r r j E - l ' r _ ,

THMFiCr-'F:Frl'1 nF.E

t {E
5 . t:r Lr n n l-r rJF_- r.!i

H I
5 . L-l rJ r:r r_r L-l r-rE- [E
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l u l
e 0 l'10  l
4 r 1 l
Ef-r l
Er l  l
i L r  l
r lu  l
'-tu l

t l:ilJ l
l l r r  l
lEt : r  l
l : : r  u  l
l . l x l
1511  1
lE r : r  l
l i r t l
l E n  l
1 ? r r  l
Ef - ru l
E1 i_r l
iI i_r l
E.l rr l
e4 r l  l
e5 ' l  l
er. rJ l
E i t : r  l
iE 'J  l
E'l ri l
:--j I r] l
:l l li l
::lE lJ

.f f 1.,

::14 u
:i5 n
:iE tt
37 i-l
lltl f-l

The PRosE prograD for thls problem contains 43 l lnes of text, as follows:f

FEOELEI1  .F IH
: :ELE' IT TTt '  OUTFUT r  FUt i l :T I  OH . : I ,  EHII  t  r I  TH .  TFE i :  I  . j
TEHT FEIt IT 'T ' i 'PE .Et , :FLHIt {  IF y0U hrFHT Ft  pFjOL;FjFFr EHFLFft f iTIOH.
IHTEEIII:.7
FFrOr::EIil_tEE . EtiF t_g 111
TE}. :T PF IHT
,.THI:i PFj[]6F'FFI :!EL'.jE:i THE TI,JO FEII{T EEI-IIIIIIIF],I, i IHLUE FE0FLEH oF THE, I
. . [  I  : !EITOII t I  OF] I IEFJ I I IFFEF€NTII iL  EI . ] ' |UI ]TIOI I ,  I
- . 1  r  t t iY [ l iE= r . ' : .  l . l ' l 4o r ' r . 1 ] ; [ ; ! , :  r l  . i + r .  l l ' 3 - t tE io l i ' p1 . ;  ' , : :  l . lE+ ( .  l . l : - - l 1 . : ) o i  l +x ) ) ) -N l .  r
. : I ; r . f IE i ; I :F: IEIHI :  IHE SI1E TTJFIE]1: :J IOTIFLt  : !TE} i r l . i  :TFTE TEI" IPEEFTURE'I
. i I , I ' I I I : l :TF: IELITIOI ' {  ITI  F THF'EF'EI I  FI I . {  I  ITIHEFE T I : i  FI  IJOH-DINEHSIOi IHL.  I
..0 I TEI'IPEEFITUFJE HI'{IJ IT I.:: Ft I.INI.{-Ir I IIEH:: I OTIFL II I:::TFI{,]E . '
ETII'
. : ;E JF 1 LI I IE I  TEi{ I  FF] IHT 'THE EOUI{ I IHFJ' /  L- :bI i .TI ITIOI IS FIF. :E.  .  . . ' I
.:I; r '  FtT i i=r_r r 'r. '=l . r-r r rlT i, l=l . r l r lt,r,f i j , i=U.. .
.:I '  r ' t 'El-l FF.:E FtEt:.t l- i I.FrEn T0 I l iF LlT fiH E'::T I l lr iTEIr l, i t i l t ,tE EF THE TEI",IFEEHTUEE' r
.:I, r tlF.:rllr I EliT lr'r'Irli ]:tT :,::= t-t . T.i'FE lr'i,Ir,,j , 1i=',,rfi1_l_tf r
! 1  l = .1  r  l { i = .  r l 5  r  l { : - ; = .  r : r=  r  l { 4= .  r - r  I  r  F l - .F } : : ! :  { . 0 . . j + i :  l l - - r  - l {E . : r . i  3  F= .HTH i . { ( :F l  i
F I F l i T = I
I TtTEFIFt--- I
F I fllr lr'r'Iri.,i . r-r I f{ . EoLtHIr Tti t'lH Ir_- H lri.lili . I
TEi{T FF: I f lT 'THE FHE:Fi , rETEFl !  t_ t . :EIr  I t . {  1111: i  FROL;F:HH RFjE
EEhl FFi I HT ll I r lll : lf :-:r r l{.1
EltI '
I.IBBEL .EOIJI.III i [FEEHriIi ELTILii FDFr THE II,IF.LII::IT EI-IIII iTIOI.I J;OLr/EFI Il,-IFT;]
IF FIEST EI : I  I  THEI{  F IFI : . ; ;T=I : I  EL: :E TEi . ]T F 'F:  I I {T'THE FEO:IE '-i:oL'r, 'EF: F._tH,' i l .1H::- t: HRftl lEfJ i,Ot_tFj E:_i:T I l ' tFTE T0 . . . -
l r I : i p ' 1p ' , '  I t ' i , r r i , i . [ r  I f {  I t ' r ,F i . i . i r  =  +o . . . . + . .Eo++-
I]LO::E
i :+i=11 1 l i=1 I l t ' r ' I r i ' ' j=It \ , I t1., . .  r l  r  f i : : . : :=.1: i5_,
I I I IT I t tTE _ lF f { I : : I : :  F0E . I i  IFF Er ; t t_ tHI IOf { : l  I t t t . I r i : :e i I t i l l t : r , :  . f r '1 ,g . . , ' . . , ' , .  DF i {  i :TEF,  I l i , . i
T E } . | T  F ' F ] I I I T  T H E  F ' E ] : I L T : :  O F  I r { T E F F : H T 1 g 1 t . I  T I I V E .  .  .  r
. .l r It I :! TFHI]: E 'i.'

E i iE I :UTE .FF j I I {T
I - I I . {T IL  I . i  EQ 1  I IO IT{TEFCIHTE .NIFF.
lt'i'Iti',1 . I =fr'irflir:i

I ' I E T I E L . I I  I F F
I ld . i f i l , iS=( .  i .Eo i14 . i . . .  . l :E : : i :  6 . i+ , . ' f {1_ f . i i i oJ r  i , t r : . , , .1  . . . , : . f . .1 ;_ ,+ i  l . l : ;_ r , . l i ro i  l_ : . i i  I  i_ t { l

El l t l
FFJOT:EIIUFTE .FF: I I{T
I t I : . F L l i ' l ' i ' i r ' i ' r f r ' r ' t r i i  I f l  o o . o + . + + a  + + . . o + . . a  . . . o o + o a + ,
El.lIl
EHt r  t  .EOr_r f { I r l

tA 
fu[ discussion of thls problem is given in Computer Aided Heat Transfer

Analysis by J. A. Adams and D. F. Rogers, t lcGraw ll i l l ,  1973, pp 55-74.
A BASIC program ls glven whlch contalns 165 lines of text.

Ir'i'trij '

E: ' iEI:I . iTE . FFr I  I IT FjEF,EIIT

:l--J [r ]
4 lJ l l  l
4 l t : r l
4 E U  ]
4:-r t-l l
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APPLICATION PROBLEM 5-9

AIRCRAFT PILOT EJECTION
(Two Point Boundary Value Problen With Free Boundary)

The eject ion of a pi lot froru a f ighter aircraft has been analyzed as a
simulat lon problem using several contlnuous system simulat ion languages,
lncluding MIDAS III ,  CSSL, and CSMP. In al l  cases, the problen was posed as
an init ial  value probl,em whlch merely calculates a trajectory for a given set
of inl t ial  condit lons. In PROSE, this problen is posed as a thro point
boundary value problen ln whlch the aircraft velocity and trajectory t ime are
detern ined to  n iss  the .ver t i ca l  s tab i l i zer  o f  the  a i rc ra f t  by  a  p respec i f ied
roargln.

The eJection system is designed so that i t  causes the pi lot and his seat to
travel along rai ls at a specif ied exlt  velocity Vg at an angle 08, backward
from vert lcal.  The seat becomes dlsengaged fron lhe rai ls at Y=Y,. Thts f irst
phase of the eject ion is l l lustrated below: 

r-

Once the pi lot and seat combination leaves the rai ls, i t  fol lows a bal l ist lc
trajectory which can be deternlned. However, since i t .  is the relat ive mot. ion
of the pi lot wlth respect to the aircraft (which is assumed to f ly level at
constant speed) that is important, the equations to obtain thls trajectory
can be fotmulated dlrect ly. Thls phase ts i l lustrated below:

HLOT AilD SEAT
AT TITE I

l l h
le x *"ri \ O,*a"*, o,
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The governlng equatlons are:

i - v c o s 0 - V O

' F - V s i n 0

t -o

0 * - D l H - g s l n 0

r Q

- - (g cos g)/V

pc.svz
P = ---q-

z

The constarlts aret

M = 7 slugs

g - 32.2 ft l 'seeZ

c d - 1

s  - 1 o f t Z

Y . = 4 f t
I

V- - 40 ft lsec
E

0- = 15 ' /57.3 radlans
t1

0 < f S Y l

y t y t

0 S  y  <  y l

Y : Y I

The inlt lal  values of V and 0 (pi lotts lnl t ial  velocity vector at moment of
leavlng cockpit rails) are glven by

v(ol ={(vo - vu sin er)z + (v eos or)2

e(O) = a"rr- l{v, cos or/(Vl - Vn sln 0r))

x ( 0 ) = Y ( 0 ) = g

s.afe eJection is defined as clearance of the vert ical stabi l izer of the
aircraft by 8 feet,.  rn order to determine the safe eJection curve of
alt i tude vs velocity, l t  is necessary to f ind the alrcraft veloclty v4 for a
range of alt i tudes, ln whlch the trajectory passes through the polnt that
misses the stabl l izer by exactly g feet. This is the boundary polnt

Y = 2 0 a t X = - 3 0 .

Thus, the problen nust be posed as a two-point boundary value problem, to
f lnd v4 ( a parameter of the oDEs) corresponding to the trajectory that
Passes through the boundary polnt. However, since the boundary point is
specif led ln terms of a dependent varlable of integration, x, rather than
the independent variable, t ,  this is a free boundaty ptoblem (the value of
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the lndependent vartable at the_boundary is unknonn), To solve
solve for the value of t at which the traJectory pasaes through
X - -30, while slmultaneously solvlng for V" suth- that ! - 20 at
polnt.

rn PRosE' we define the unknorcn integratlon llnlt TD,!E, and set
varlable

Dr  =  l r$G l /20

so that 20 steps are taken in the integration. The lntegratlon
ln the nodel block .SEAT

150I  1,10DEL . : iEFtT
l € . 0  I ' y ' " \ = . F | B E ( : \ , F r - i r E o . : i I H I r { T H E T F t r i
l ?0 I  g \ ,= \ r f  < ) .COf I r iTHETFf  l
1B 0 I ' ,r '= .. iLlET r: VHooe+Vi'..e )
I ,-T U ] THETFI= . fiTFIN ( UT.JVI{ }
e [0 ]  . ! i =11  f= f t  T= t - l  f rT= .F tF : ! r .T IHE i . - i r L
E l  I J  ]  IN IT IHTE . . IHNI i I 5  FOE . I . INT IO I {  E I . ! L IhT I I ] I . 1 : :
tE0I  THEITOT;THETFI I  UI tET.r '1 , r  e  i { f rof  : i ; .  ' i ' I rq1 ' i .  EF T ITEF l r l '
E: -1I ]  ]  UI ITIL T GE TIHE I I . {TELiFj I iTE . I ' 'ETInI l
i :+ ' l  I  I ' l I : ! i=y-E0 r  EgUNI ' f iFry r :Er . { r r ITIot i  0 t {  

' i ,  
r iT T=T I t ' lE l

E5[ ] f i l i=-i.t[r-i.t i  t EOUflfiFR.i ' ::EftnITIEH 0f.{ i. i  rrT T=TIt'tE ]
EE r i  I  EHn t  . IEHT l ,

uslng the solver JANISIS co integrate the differential eguattons contained
In the model block .MOTION

E7L'l I l ' lOtrEL .f,10TIOn
E i {0  1  I i =0 .= rFHoor : I t osod r .e
e._1rl I THEITOT=-EO . t::u:::f THETF i ... ir
3 [D ]  VDOT=_ t r . , . l , l _ r= . . : ! IH iTHETF: r
31DI  l - i i r 0T=Vo . ' lOS iTHETFr - . l lE : - i ' r , ' t {  )
: ]En l  "dBgT=Vr .S I l t qTHETf i )
: l_11'l I Et{fi t .t ' tOTION l

The boundary condltLon constralnts MISS and GX are computed at the end ot
the lntegration (l ines 210 and.22O in .SEAT). The solurion of the boundary
value problem is realized for a given altitude, H, whenever these constraints
are matched to zero. This ls acconplished by the solver AJAX vl-a the statemenE

FIND VA, TIME IN .SEAT TO MATCH MISS,GX

in the problen block .EJECT (l ine 60).

PROELE], I  .E. - IE| - - .T T FILOT E.- iECTIOTI PFEELEFI. l
EE}10 TIFTR
FOR I= l  TO 10  I ' 0

H=tiLT { I i
FrHE= . DEllS i. H ]
FTIII '  ' I /f i  TTIFlE III .: ' :EBT TE I'II1TL1H
VEL t .  l  1=UF

REFEFT
'.r'll I ll= . Fll'l I ti i ri EL .i r rJllF)'l= . rtt'ltili, irEL I
r : :FLL PLOTFl : ' : IFFE E._tEr :TIof {  F,FT0FILE

It, we must
the plane

the boundary

the step slze

ls performed

+ r l rEL r t , r l , l  I l l : ' v ' f ' l l i l * :  r .  t rELOr l IT ' r ,

1 0 1
J 0 l
l 0 l
+ D l
5 D l
6 t r l
7 L ] l

"lrJ l'.r0 l
l  r lu l
t l 0 l
l e r t  l
1::.{ ir l
1 + r l l
:3+ t-l l

r t L T I 0 r 5 n [ r  r _ r  ; _ r I  F L T I T U I T E .  j ,
FUNL:T I OTI .IIETI:! (:H i

IF H LE : t=: l : r : je  E:- i  IT t i l ITH .  r : t  'J i : j i : j . ' .  t - . r : : : , lE- : .H i+.4.EF6
EnIr  l r l ITH .  r ' lD i : ; l : . ' .E i iF i  I  .45E+r H-: l - r5 i - : : j : i  I . .ED,t5u j
EHI| t .E-lErl:T l
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This statement is lnbedded ln a loop, ln whlch the problem is solved ten tlmes

for varlous alt l tudes, and the result lng vector of aircraft veloclt les ls

used as the abscissa in a printer plot of the alt l tude vs velocity envelope

of safe eject ion (see below). At each alt i tude, the alr denslty ls computed

uslng the atnosphere functlon .DENS.

The progran outirut consists of an echo print of the data case, fol lowed by

AJAJ( sumary prlnts for each of the ten solutions, foll.owed by the Printer
plot generated by the PROSE uti l l ty PLOTP.

t - - - - - - - - - -  -  D ^ Y A  C A S E  t  I . E J E C T

l n l  r = 7  S : t 0  G = 1 ? . 2  C ' t = M = . . 0  f F E f f D = 1 5
2 O l  l l r , r F = . 8  Y I = 4  H = 5 0 n 0
_ ln  I  va= l  o0
4 0 1  I L T ( 1 0 1 .
5 n l  V E L i l 0 t r
, . , 0 1  a L T = 0  5 0 0 o  1 0 o 0 0  r S 0 o 0  2 0 0 0 0  2 5 0 0 0  3 0 O 0 O

t - - - - - - - - - -

35000 60000 50000/

- - - -A . rA r  S t1 . r u1gy .  l l yOx iD  A t  .EJFCI  t rO  tOc  ,ODFL  .SE l l

coNVrp f iF {eE  c4 " , tD I  T l oN
tr i lxrrcuus co^lvE pGE!-)
c ^ N s r q A l ^ t l s  s A t I s F  l E o
a t  t -  s p F c I F l E D  c o l I F p I A  s A I t s F l € o

LOOP l \ r i lMFEo
t  tNK NOUTtS

v A
T  I i l E

c n ^ t s I p i  l r J T s
i . I S S

G X

t  I N I T I A L  I

1 . 0 0 0 0 0 0 F o 0 2
. r . 0 0 0 0 0 0 t - 0 1

i .  I  7 0 4 4 1 t + 0 0
- 1 . 7 4 4 2 . 0 7 E . 9 1

3 .  10 r40?E .02  2 .a97428F .0?
7 . 6 0 1 7 6 l E - 0 1  f r . 5 5 6 5 2 8 8 - 0 1

4 . 3 5 t  7 l  7 F - 0 1  - l  . 9 0 6 8 8 0 E - 0 1
I  . 3 4 a  l 5 0 E . n  I  I  . 3 8 2 4 6 1 € . 0 0

2.7705698.0r  r . r r1260EtOZ
6.739321E-01 6 .738562E-01

1.40 t23?E-03 2 . .18233€-0E
-5r962?85E-03 -8.?35856E-0?

- . . - ! . J A Y  S U T , M A } i Y .  I N V O X E D  A I  . E J T  C T

C O N V F E G F ^ J C E  C O N D I T I O N
U N ( ^ l O u r l q  C O N V E R G E O
C ^ N S T 2 A I N T S  S A T I S F I E O
a r  L  q o F c I F l E D  c a l I f P I a  S A T I S F

60  FoR  r . oDFL  . 9€ l l

I EI)

L O O P  N r  r M q E a

uNr  Nnh ' r ' s
V A

Y  I M E
C O N S T F 6  I t ' T c

' , I s s
G X

-- -Fr !D nF LnoP St . r r ' rg4 t t

I  I ^ I I T I A L  I

2 . 7 7 1  2 r t 0 E  r  0 2
/ r . 7 3 8 s / ) 2 E - 0 1

1 . 2 4 5 s 1 8 E - 0 1
-2  . 7  294 t t 0E .00

j . O Z ) 4 8 4 E . 0 2  3 . 0 2 3 1 3 5 € . 0 ?  3 . 0 2 3 1 3 5 E . 0 2
6 . 6 t e 7 5 1 8 - 0 1  6 . 6 1 4 9 0 0 E - 0 1  6 . 6 1 4 9 0 1 E - 0 1

4 . 7 6 t r 6 ) E - 0 3  - ? . 2 4 1 0 3 5 E - 0 6  3 . a 1 0 6 0 5 E - 1 3
t . 9 3 A 7 2 7 E - 0 ?  - 3 . 3 8 9 0 7 7 E - 0 6  - 6 . 9 3 4 8 9 7 E - 1 2



. . - A . J A X  q t I ' I U A P Y t  I N V O K F T J  A T  . E J f C T

CONVFPGF^ . |CE  CDNDIT  IOh
i JNKNOTdNS CONVERGED
C o - T . J S T A A  I N T s  S A T  I s F  I F O
A T I .  S P F C I F I F D  C P I T F E I A  S A I I S F I E N

A O  F O P  M O I ) F L  . S E A T

3 . - ] 0 e 8 3 2 E + 0 2  1 . 3 0 3 7 5 1 r r 0 2  3 . 3 0 3 7 4 9 E + 0 2
r - . 5 0 4 1 5 1 E - 0 1  6 . 5 0 0 f 4 5 F - 0 1  6 . 5 0 0 3 4 7 8 - 0 1

4 . 4 6 n 0 5 4 € - 0 3  - ? . 6 5 1 3 5 5 F - 0 6  3 . 4 1 0 6 0 5 E - 1 3' 1 . 0 3 2 3 1  
1 E - 0 2  7 . 0 0 5 6 3 1 q - 0 6  - 5 . 9 1  l 7 l 6 E - 1 2

6 0  F O R  M O D F L  . S E A T

3 . 6 1 c 9 4 4 E + 0 2  l . 6 l 7 9 l l E . 0 2  3 . 6 1 7 9 0 9 8 r 0 2
^ . 3 9 7 7 9 2 E - 0 1  1 5 . 3 9 4 0 4 3 F - 0 1  6 . 3 9 4 0 4 5 8 - 0 1

4 . 1 f , ^ 0 8 c E - 0 7  - ? . 9 9 4 6 4 3 E - 0 6  4 . 5 4 7 4 7 4 8 - 1 3
4 . 2 ? 5 6 6 c 8 - 0 ?  2 . 1 0 7 5 9 1 E - 0 5  - 5 . 1 1 5 9 0 8 8 - 1 2

L O O P  A I I ' M B F P
IJNKNOId iJS

V A
T  I M F

C 0 l . l S T P a  I t \ r T s
V I S S

G (

I  I i J I T I A t  )

j . 0 2 3 1  3 5 8 . 0 2
f . . 6 1 4 9 0 I F - 0 1
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APPLICATION PROBLEM 5-10

ORBIT DETERMII.IATION
MULTIPOINT BOTINDARY VALUE PROBLEI{

P r.o.b 1.ep. S-t atetre.ng

The equatlons of motion of a heavenly body is ( in nornal ized units) represented
by two second order ODEs

x
q = A = - - - ? - - = . - - z

(* '+yt) ' '  t

+=i ;=- - r -z IJ
(x '+v')- '

The nrotion takes place in the plane of the ecl ipt ic (the x_y plane). For
s imp l ic i t y ,  the  ear th  i s  cons idered s ta t ion" ry . t  (1 ,0 )  and the  so le  fo rce  on
the heavenl-y body is the gravitat lonal attraci ion of- the sun. Four observations
of  the  heaven ly  body  are  made a t  t imes .5 ,  1 ,  1 .5 ,  end 2 ,

o
x

yielding the incl inations ( in radians)

0 ( .  s )  =  .25L297
s(1)  =  .510240
0 ( 1 . s )  =  . 7 8 3 5 9 0
e ( 2 . 0 )  =  1 . 0 7 5 5 4 0

A program is  requ i red  to  f ind theva lues  o f  the  in i t ia l  cond i t ions  x (o) ,  y (o ) ,
u (o) ,  v (o ) ,  fo r  the  orb i t  tha t  passes  th rough the  four  po inEs.  Th is  p rogram
has the fol- lowing structure:

'This 
exanple was taken from Quasil inearization qnd ir lonlrnear Boundary ValueProb lems '  by  R.  E .  Be l lman 

"@lsev ie r  
pub l i sh i .g -o .

1 9 6 5 ,  p .  L 3 7 .
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condi  t ions
Fo r  i = l  t o  4
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to data point
6l cafr'pitE !r-q.

Inpl ic l t  Equat lon Process

Integrat ion Process
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UNCONSTRAI NED OPTIIVI IZATI ClN

The most  power fu l  oPera tors  o f  the  PROSE language are  those o f  op t im iza t ion .
PROSE has  bu i l t - in  so lvers  fo r  uncons t ra ined non l inear  op t im iza t ion ,  l inear
prograurming and nonlinear programming with mixed constraints. In most cases
the  op t im iza t ion  so lvers  make max imum use o f  PROSETs in t r ins ic  fac i l i t y  o f
eva lua t ing  Par t ia l  der iva t ives .  Thus ,  la rge  sca l -e  op t im iza t ion  mode ls  w i th
many variables and equations may be formulated and solved with minimum user
e f fo r t  '  ye t  w i th  assurance tha t  the  equat ions  themse lves  cont r ibu te  e rac t
seeond. order appz,orinations of the objective surface.

An unconst ra j -ned op t iu r iza t ion  prob lem is  de f ined in  PROSE us ing  the  s ta tement

F I N D  r , ,  .  . . , f t  I N  m o d e l  T 0  I M A X I M I Z E I  f, L  -  N  I M I N I M I Z E I "

I ^ lhere  t l r . . . , : tn  a re  the  names o f  the  var iab les  whose va lues  are  to  be
determined and ' " f  i s  the  ob jec t lve  var iab le  to  be  op t im ized.  ModeL ident i f ies
the  node l  b lock  whose execut ion  computes  f  fo r  a  g iven se t  o f  va lues  o f
f i1 t . . . "&n.  The so lu t ion  process  invo lves  success ive  approx ina t ion  o f  the
unknowns f i1 r . . . rn -  by  i te ra t i ve  execut i -on  o f  the  modeL b lock  un t i l  a
loca l  oPt imum of  i ' t s  found.  For  exanrp le ,  to  op t im ize  the  non l inear  func t ion

z(x,xr ,*r ,*o i  = 100 t* ,  -  * t r )2 + ( t  -  * r ) '  + go(x4 -  *3r '
) 1 ,

+  ( r  -  x3 ) z  *  10 .1 [ ( x ,  -  r ) ' a  ( x4  -  r ) ' ]

+  19.8 (*z  -  I )  ( *+ -  r )

the  fo l low ing  s ta tements  a re  necessary

PROBLEM .OPTIMIZE
X l  = l  ,X2= l  ,X3=1  ,X4=1  [  IN IT IAL  GUESS]
F IND X I ,X2 ,X3 ,X4  IN  .NONL IN  TO MIN IMIZE  Z
END

M O D E L . N O N L I N
z=l 00* ( x2-x I *x I ) **2+ ( I  -x I ;  **2a90* ( x4-x3*x3 ) **2

+ (  1  -X3 ; * *2+1  9 .1  * (  (X2 -1 ; * *2+ (X4 -1  ) * *2 )
+  I 9 .B * (X2_1  ) * (X4_ t  )

END

This  p rob lem is  espec ia l l y  d i f f i cu l t  to  so lve  except  by  methods  wh ich
discriminate one type of extremum (maximum, minimum saddle point) from
another  because i t  con ta ins  a  sadd le  po in t  in  the  v i .c in i ty  o f  z=8 wh ich  can
cause Premature convergence when solving for a minimum. The nominal solver
fo r  uncons t ra ined op t im iza t ion ,  HEM,  j -s  a  second order  ne thod wh ich  ignores
extrema of the r4rrong tyPe.
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Model  F i t t ing one of the most common uses of unconstrained optini zatioft is in finding the
Paremeters of  a nodel  which f i t  the model  to  a set  of  data.  rn th is  caseoptlni-zation is used to minimize tt.e error between data values and model_computed values' For example, consider a nodel involving the differentialequat ions:

KlAB

-  (# +(.01+K2)A)

.058D)

These equat ions  descr ibe  the  chemica l  k ine t ics  o f  the  cheur ica l  reac tan ts
A 'B ,c ,  and D undergo lng  reac t ion  over  t ime.  A  se t  o f  measurements  o f  t i re
reac tan ts  A  and c  have been taken a t  success ive  t ime po in ts ,  y ie ld ing  thevectors 

f l i . '  
cMi f  or the neasurement t imes TM' .  r t  is desired to know thevarues  or  Ene parameters  K1 and K? tha t  w i l l  6ause the  computed va lues  o f  Aand c to match the measured varue6. The PRosE progrErm to solve this probleuris given below

P R O B L E M . M O D F I T
A L L O T  A M ( 6 ) , C M ( 6 ) , T M ( 6 )
READ DATA
F I N D  K I , K 2  I N  . O D E S  T O  M I N I M I Z E  E R R O R

END

MODEL . ODES
A=A0 B=B0 C=C0 D=D0 T=0 ERROR=O
I N I T I A T E  I S I S  F O R . D I F F  E Q U A T I O N S

DADT/A,  DBDT/B,  DCDT/C,  DDDT/D OF T STEP DT
FOR I= l  T0  Np D0

U N T I L  T  G E  T M ( I )  I N T E G R A T E  . D I F F
ERR0R=ERROn+(AM(  I  )  -n ; * *2*1  CM(  I  )  -6 )  * *2

REPEAT
END

MODEL .DIFF
DCDT = KI*A*B
DADT = - (DCDT
DBDT = - (DCDT
DDDT = DBDT -

END

d c
d r

d A =
d t

d B -  ' d C '
d t  ' d t

d p _ d B _ d A
d t  d r  d r

+  ( . 01+K2) *A )
+ .05 *B*D)
DADT
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APPLICATIOi.I PROBLEM 6-1

A HIGHLY NONLINEAR TEST PROBLEM

Prob lem Sta tement

A number  o f  spec ia l l y  p repared non l inear  func t ions  are  ava i lab le  in  the
l i te ra tu re  fo r  tes t ing  op t im iza t ion  methods .  one we l l -known example  is
Rosenbrockrs  func t ionr  

^

f  ( x ,  , x . )  =  l o o ( x ,  -  * . 2 ) '  *  , ,  -  * ' > '
L '  Z  Z  ) _ .

which  represents  a  very  s teep ly  curved va l ley .
d imens ions  is  the  one genera ted  by  C- .  F .  Wood:

z (x r , x , x3 ,x4 )  =  100 (x ,  -  * r ' ) '  *  r ,  -  * r_ ) '+  90 (xo  -  * r ' r '

(1  -  x r )2  +  ro .L IB2 t72  +  1xo  -  L )21

+  1 9 . 8 ( * Z  -  i )  ( * z *  -  1 )

Th is  p rob le rn  i s  espec ia l l y  d i f f i cu l t  fo r  op t im iza t ion  techn iques  wh ich  do  nor
d isc r im ina te  ex t rema,  because i t  con ta ins  a  sadd le  po in t  in  the  v ic in i ty  o f
Z=8 wh ich  can cause premature  convergence.

Write a program to solve this problem using HERA, and use the page plot
fea ture  to  i l l us t ra te  the  d i f fe rence in  HERA'S convergence proper t ies  w i th
f i xed  bound ing  on  the  independent  var iab les  and w i thout  bound ing .

Program Descr ip t ion

The PRosE program (F igure  6-5A)  conta ins  s ix  b rocks ,  cons is t ing  o f  a  p rob lem
block  .W00DY,  a  mode l  b lock  . | ^JQQDZY conra in ing  the  ob jec t ive  func t ion  Z ,  a
cont ro l le r  b lock  .SETTINGS,  and th ree  procedure  b locks  used fo r  genera t ing
p a g e  p 1 o t s .

D iscuss ion  o f  Resu lcs

Two execut ions  o f  the  sarne  prob lem were  accompl ished by  the  progrz rm.  The f i rs t
execut lon  used f i xed  bound ing ,  spec i f i -ed  by  ADJUST=2,  Sanp le  ou tpu t  f rom th is
case are  g iven in  F igures  6-58 ,  c ,  D ,  F igure  6-58  is  a  de ta i led  i te ra t lon
repor t  (ob ta ined v ia  the  cont ro l  va lue  DETAIL=2)  fo r  the  e ighrh  i te ra t ion ,
dur ing  wh ich  the  ob jec t ive  func t ion  was under  the  in f luence o f  the  sadd le  po in t .
The e f fec t  o f  the  sadd le  po in t  i s  re f lec ted  in  the  f i rs t  e igenva lue  o f  the
Hess ian  mat r ix ,  wh ich  caused HERA to  take  an  an t i -Nevr ' ton  s tep  a long the  cor re -
spond ing  e i -genvec tor ,  in  o rder  to  avo id  the  sadd le  po in t .

F igure  6-5C is  an  op t im iza t ion  summary  repor t  o f  the  sequence o f  po in ts  in  the
search  process .  F igure  6-5D is  a  page p lo t  o f  the  ob jec t lve  func t ion  i l l us -
t ra t ing  the  e f fec t  o f  the  sadd le  po in t  on  convergence proper t ies .

F igures  6-5E and 6-5F arb  the  cor respond ing  ourput  to  6 -5C and 6-5D,  respec t ive ly ,
fo r  the  unbound op t im iza t ion  search .  Fewer  i te ra t ions  were  requ i red  in  the
unbound case,  bu t  as  a  compar ison o f  the  two page p lo ts  show,  the  unbounded
search  is  fa r  more  er ra t i c  than the  f i xed  bound case.  I t  i s  there fore  more
vu lnerab le  to  d ivergence when a  func t ion  is  i r regu la r .

A  re la ted  func t ion  in  four

.:. .
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NO.  PROSE STATE i lENTS
+- - -  - - - - -  - l - -  - - - -  - - -+ - - - - - - - - -  + - - - - - - - - -+ - - - - - -  - - -+ - -  - - - - - - -+  -  -  - - - - - - - 0

1  P R O B L E T  .  H O O O Y
?  E X E C U T E  .  S E T P L O T
t  B N O = . 0 A T A  l , l 5 r . ? 5 1 . ? 5 t  , Z 5 l
r r  FOR L00P  =  1  tO  Z  OO
5  E X E C U T E  .  F R A T E R
6  X 1 = - J  X 2 = - 1  X 3 = - J  X { : - t

1 0  f I ! 9  x L t \ ? t x 3 ' x 4  I N . l l O O O Z v  U N D E R . S E T I I N G S  H I I H  B O U N D S  B N o  T o  T I N I H I Z E  Z1 1  E X E C U T E  .  O U T P U I
7 ?  R E P E A T
1 3  E N o

I  l t 0DEL  .  r { 0007 t
2  7 = 1 C 0 r ( X ? - X 1 + X 1 l l r 2 + ( 1 - X 1 t + r 2 + g 0 r ( X 4 - X 3 r X 3 l r r 2 + ( l - X 3 l  r f 2

o  1 0 .  1 r  (  ( x 2 - 1 t . f  2 +  (  x t - 1 1  r . 2 l  + 1 9 .  0 .  ( X 2 -  1 l  r  ( x | . - t )
3  I = I + 1  x ( I t = I - l  Y ( r ' = . Y A L U E ( 7 1
6  E N O

1  C O N T R O L L E R  . S E T f I N G S  F O R  H E R A
2  t F  t 0 0 P  E 0  1
3  T H E N  A 0 J U S T = Z
t {  E L S E  A D J U S I = O
6  C L o S E
7  t t A x I T = 3 9
0  O E T A I L  =  2
9  E N O

1  P R O C E O U R E  . S E I P L O T
2  A L L 0 I  X ( t r G l  r Y ( q 0 t
3  T I T L P = . o A T A ( t t - o  R 0 S E N B R o c K  F U N c r r o N  - -  F r x E 0  B o u N 0  o p r r t { r z A T r o N r ,

t / . - D  R 0 S E N B R 0 C K  F U N C T I 0 N  - -  u N B 0 U N 0 E 0  O p T I H I Z A f I 0 N T t
q  P R O C E O U R E  .  F R A I I E R
5  I = 0
6  T I M E = .  T I I { E x
7  C A T L  F R A i l E X (  0 , 3 5 , ' I T E R A T I O N  N U I . I B E R ' , T I I L E ( L O O P T I
E  C A L L  F R A t { € V ( 0 r 9 r t 0 B J E C I M  - -  t { I O R t N G E  V A L U E S T T t O T }
9  C A L L  F R A r l E y ( - 6 r 3 ,  r L O G  T 0  E A S E  1 0  O F  O E J E C T I y E T ; r + r t

1 0  E N O
1 1  P R O C E O U R E . O U T P U T
L ?  S K I P  2  L I N E S
1 3  0 I S P L A Y . T I t { E x - r I H E  I N  r  € x E c u I I o N  T I } { E  =  f . r . r r  s E c o N o s t
1 l f  C A L L  C U R V E ( I , r 0 t r X r y l
t 5  F 0 R  J  =  1  T 0  I r  y ( J l : . L 0 6 1 0 ( y ( J l t
t ?  c A L L  C U R Y E ( r r t 0 t r x r Y t
1 6  C A L L  P L O T I T
1 9  E N D
2 0  E N D
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APPLICATION PROBLEI.{ 6-2

MAJ(IMT'M LIKELIHOOD ESTIMATI,ON

Maximum likelihood estimation nay be used to deEermine the parameters of a
probabil i ty density function representlng the "most l ikely' l  distr ibution of
a  se t  o f  random var iabLes .  G lven a  se t  o f  random var iab les  x1 ,  l=1r . . . rn r
the conmon density function having parameter e that nost llkely represents
then is determined by naxlnlzlng the Likelihood function

L ( 0 )  =  f  ( x r , o ) f  ( x r , 0 )  . . .  f  ( x r r , 0 )

with respect to e. However, most distr ibutlon functions have mu1-t iple
p a r a m e t e r s l .  0 1 ,  0 2 , . .  j , 0 ,  a n d ^ s i n c e  

! ( 0 f  , . . . . , 0 r )  a n d  l o g - . ( L ( 0 1 , . . .  , _ 0 r )  h a v e
nax ina  o f  the-same va lueS o f  01r . . . r0 r ,  the  most  conven ien t  to rn  o f  the
objective to be maximized ls

n

L(01 , . . . ,0 r )  =  t . c .T l '  f ( x . ,0 r , . . . ,0 r )
i_1

A program is required to determine the parameters ErI,o of the distr ibution
function

f ( x r ' e ' u , o )  =  e f r ( x r , u , o )  +  ( L - e ) t r ( x r , o )

where 
.,

f .  =  I  
" - [ ( x r - u ) / 2 o l -' zG

2

f^ = q 
1-'(xtl?o)-' zGi

[t * 
"r", 

* ^zy?+ a3yi * ^,,r!-+ a5yi * .6rl]15

Yi = xrlGo

for a random sample x, (1=1, ...rn)

\

6- l  I



fite progran for thls problen la atructured for lnteractlve control of the
optlnizatlon process as descrlbed ln sectlon 3.6. The probleo block

I 0 PFtrFLEt4 .i.tF;{LIt. t },tFtiIt ' l tr}r t.IFIELIHtlOD E:STIf'tt iTIg}tl
EO RE,i[ IIITTF
30  SC+6= . - IOPT(61  r  i I 6 I lFL= t
40 LII{TIL SIENFL E6 T' I}O
50 It ' tFo5E .rtoNTPOL
60  F I I ID  EPSr l4Ur : : : 16  IN  .L . IHELY I , J ITH  B I IUHnS E
70  I . , ITH  FLF IE : : { IEHF |L  Tg  NF ;1 I ] ' I I ?E  L
EO REPEFTT
90 EhrD

contains a loop controlled by the flag variable srGML causlng repeated
optinizatLon until convergence le reached (srGML={). Before each
optlnization pass, interactlve lnterveutlon is provlded by the TNTERACT
gtatenent in the controller block .CONTROL,

1'1I' IOHTF,OLLER .f,gIITFtrI.. FT]FJ HEEF
f  t  0  DETF IL= I
leD HD.JU.: :T=e
T:3 O I NTERBT-.T
1.10 EHtr

The llkellhood functlon L Ls computed Ln the oodel block .LrKELy:

l S r l  l ' t O t r E L . L I k E L y
l6D  PROD=I
1 P 0 5 I L;4i18={.:l I i looE r S I rie=ie :! I r! r i: J Lig:":Ltp I =eo if lp I og I6
lF0  FOR I= t  TO HF  I rE
1 9 0  T = H ( I ) / ( ; i . 1 6 0 _ C I G )
e r l r J  r f = 3 . r t . t Q p I . (  t + r o ( R {  t  i + y . ( : F i :  g } + y r i . F {  3 ) + y o { :  H r . 4 )
E l 0  + T . ( F { E } + y . F { { : 5 )  l ,  l  l  }  } . i o o l 6 t ,
e e D  F 1 = . E H P ( - { : ( : H {  I  } - F t u i . . . i  I r S g l o o e } , i  I L ; e s D p I
P S t J  F E = B o . E t i P e . - i y 1 ' I ) . ' t I E I ) o . E l r S I E E S E P I
E4 rl p=f plop I + ( l _Epl ).Fe
ego PROn=FEBI|.F
E6O EEPEFT
e7o  L= .LUE(  Fp0 f i l
E.qO EHN

6- lz



Executlon of thle problen beglns wlth an lDteractlve query, frou whlch the
ueer epeclfles lnitlal guese e8.1, p={Q and o=10 aod preecrlbes control
varlablee for BERA, ooe of whlch ll-nlte the nunber of EERA lteratlons to flve.

- - - -FEEIHTII I . IE FF. t rFRHH EHEILITIgH

----Il{TEElir::T |.-]UEE1' t .|_:OHTEOL

? EF5= . I I'tU=4 r.l il I Li= 1 [
i fiIr.JU:gT= I t'lli:{ I T=8..'

----DRTF IHFUT L:O]'IF'LETE

r 30 l

----HEF:H .:;l_ll.ltlrlFi'ir r Itl\rol'.Elr FT ,l'1fiiiL Il.l

L ]OT{VEFI5EHFE TOTINIT IBr I
Ul{}i ll0tllfl:; tl0T r--.Olrtr,EF:GEIr
gE- lEL . :T I tE  r lF i ITEF I ID l l  l - l l { : :FT I : !F IEn
t'lF:.{ I tll-11,1 I TEFiI T I OH::. F EFFDFT'IE Ir.!FEL- I F I E TI I]'FI I TEFJ I II UI.{ J IiT I IIF I EII

EE FOE I.ICIIEL .LIF:ELI,

LE0F lll_!l.lEEFi
l_lHr, l .{DhlH:

EP::
I,l t_l

. ! I F
0E:._tErlT I ?E

L

LEIIF T{UI'IEEF:
l-ll'lt. ilOl.,Jf{::.

EF.-i
l'1 l-l

: ! I F
gE -tEr:T I 'rrE

L

LOEF firit l lEFj
l-llll':llOt ll't:!:

EF:!;
l,tt-l

;:: I Li
0E -tEi:T I ri E

L

t  I I l IT I f l I - -  ]

I . r_r r-r r_r r_r r-r irE- u I
4 . t J l ' U I r J i r E l U l
I  . 0 U U L l u U E + r J l

-1 .= l | : r : j : :  i - iE+L r i '

I  T I { I T I H I -  ]

l . 0 r - r  n n i l r i E - ' J l
r+ . t - t  uu r l l t  UE+u t
I . r_r U ir U r_r r_rE r r-r I

- l . S t J U J J t l E + t l u

I

l  .  r . : ,351 r ]11E -  01
4 .  t t r l b l t i l L lE+ rJ l
' i  . E!r-,r. i;E+ tl rJ

- I ..1::r 1,1:j UE+ r:ri.

E

: r . i f l L l= : l 1E -n l
--: .:{E'1 u?.iE+rJ1
: j . 4 * 7 4 1 1 E + f J r l

- I  . 18 ;49 : iE+ r re

: j

+ .:J'_: U tj i j  r.rE - U 1' 
::-: . iet,4=iE+ ri I
E . !.-i:5t:j.:: :rE+ t_t tj

-  1 . . j  j  j  j , :- . , ]E+r:r i

4

5 .:l ' , :rEE5;E- t.t !
i . 4 4 e - ; i l : E + i l 1
' -1 . t ' :_ .4EE!E+0U

- l-:1t, ' jEi:-iE+ i-tg

t  I r t l  1 1 6 1 - ;

I  .  t1  t r i r  1 i111q- | i1
.t . U rj it ti r:i iJE+ t:l t
l . u l j t J { u l l E + t - r i

- I ;5 U L]:Ji r-rE+ r.r.::

5

5. i .F_, i | ] , : : ]E-r j i
i . i t 4 1 : i E + t 1
! . . >g t i i l lE+ r i r _ r

-  I  . : jE, - i ' jE iE+ uE

LODF.----E+{tt oF !Ul'll'lFF'i'
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The results are printed ln the HERA srmrrry report lndlcating nonconvergence
ln flve iteratlons. The value of SIGML returned frm IIERA ls therefore *1,
causlng a second pass through the optln{zatlon loop durtng which convergence
wae achleved:

---illrTERrcT etERY t .COtTtO_

? FDJUST=I I.|RXIT=S2

--..IIRT'l INPUT COI'IPLETE

r30  I

----HEPF SUI{I'IRFYr INVOKEI} FT .t'lFHLIl{

CONVEFGENCE COHIIITION
UNKNOhINS NOT CONVEFGED
OBJECTIVE CFITERIB}I Sf iTISFIED
RLL SPECTFIEI} CRITERIF SFTISFTED

60 FOR HII I IEL .LIKELY

LOOP NUI',IBER
UNKHOhINS

EPS
ru

3Is
OEJEETI\E

L

t  I H I T I R L  ]

5.66eft38E-01
3 . 3 t 4 1 s e E + 0 t
9 . ? e a e 0 r E + 0 0

-l  .3693e7E+02

5 . 7 7 1 b 7 4 8 - 0 1  5 . B 0 E l 1 9 E - 0 1
3.e668F3E+t r l  .3 .e5414eE+01
9.8937?0E+00 9 .93698?E+00

-1 .369e79E+oe -t  .369e76E+0e

----EHI| OF LtiltP SUHt'fflRY

----E}.:ECUTION COI'IFLETEI CLIISIN6 :!U1'II'IFIPY REAUIRET' I YESTNO
? Y

EXECUTIEH HFLTETI RT PFOSE

STORFEE TUI{I{FRY
FTELD LENETH - TOTFL E6678
FIELI' LEHGTH - USED 435;?7
DIITH SPHCE - TOTRL 5413
DNTA SPfiCE - NRRFYS A33
DETR SPHCE - I}ERTVFTIVES T45
SCRfrTCH Pf,D 1536

(0?0000 EcTf fL)
{0561e3 oCTRL}
101e445 0CTRL)
(00035r  oITRL)
(000eet ocTfrL)
(003000 oCTRL)
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One of
caused
f l le .

the
the
This

HERA control variables speclfled in thi.s probleml DETAIL=I,
detalled iteratlon report to be generated and routed to the scRoLL

file wae perused ln the followlng dlalog:

---- IIFEE: IFT F[tl{r: jT I Etl' i P
-- - -FUHL-TIOI!  lS PEF'U: :E r  =FILErt_F_t :T
? L

F ILE  IS  L I i ' TT

--- -FILE EEFnT FCIR SLTRRLLIH| jT pH6E UNE HH;: :  TFFLE OF L:Of lTENTE

----EI{TER SI-:EQLL REI.,UE!:T
? t

T. s']RT]LL FILE TI1ELE OF I::OHTEIIT5
e. DffTC L1rl. lE I t .t1Ft:",;LIF::
:1 ,  ITfTEFHL-:T r lLrERy t , r0HTFrOL

e0 l
l - ? 0 l

4.  - - - -HEEFI ITEFJFTIT]H I ]  IH"JOI. :E[ I  RT
5.  - - - -HERF ITERFTIDf{  I  I i { r i0 t " r ;En f iT
6 . ----HERH I TEEHT I BH T I rI\IOE EII I lT
?.  - - - -HERF ITERI]TIEI I  -1 IHl ioF:EI I  FIT
B . ----HEPH I TEEFT I ErI 4. I I{ i,B}t EII FT
9.  - - - -HERH TTERFTIOTT = IHiJOI. . :EI I  I1T

1 0 .  I H T E R F I T  ' . ] U E R Y  t . r i O t t T R n L  t i 0 l
11 .  - - - -HERF ITERHTIOT{  U  IT ITE I I 'ET I  F tT
1I .  -_--HEER ITEFIT]TIEI I  1  I I iVEI . rEr t  HT
1-?.  - - - -HERR ITEFIFTTIOH e IHr /Ot ; :EIr  HT
I4 .  t  EH IF 'OF-F ILE  ]

'] iJ FT]R I'IT]I 'EL .LIF,ELT
f'I '  FOR I,IOT'EL .LIHELY
hI] FOE T'IOSEL .LIKELY
60 FOR ] ' IODEL .LIKELY
6IJ Ft]F: I ' IT]DEL .LII(ELY
6O FOF HBI}EL .LIKELY

E.IJ FtrR HODEL .LIHELY
bO trEF I . IEDEL .LIKELY
b0 FOR t lOIrEL .LI I (ELY

. ;{' i 0f'3E-4 .48S9 06E-4

i l ' ?  eE e i  e5  17  t3  le  lE  te

.I'IfiHL I Fl

.l'ltt:{L I F:

. l"lFti:L I f:

.I.IRHL I FT
,l'lli!it- I l-;
. l l t l : ' iL I F.

. t lFl;L I l l

. t l t iHL I l .

. i'ltli{L I t:

----FHtiE EHHFIUITEIT r EI{TER ftEl,t : lr::EOLL PEfiUE:iT
?  1+e

- -_-DHTff  Ef f : IE I  T. I ' IFHLIFI

l 0 I  t  t r R T F
E 0 I  H r i $ l r
3 0 1
40I t lF=3L- '
5 0 I  H ( : 3 e ) .
E 0 l

FOF rtF!;Il"lt-tl.l
F= . rl4ilE67?42

.5383E-5
3r*P [ = t . PPE4:'-1EE

Fl=65 Ef 5t .li
1 1  E  B  5  5  +

el i  l

L II-iEL IHT]OTI E5T IHFT I 01.{ ]
.  0e I  141 ' l061 .  r l  r : r  3Ef  7; ,e6:J

:l i ' e? E!44 4:l rE 3:l
: 1  g e e l l

7 0 1  B t 3 ) o  8 = . 5  . 5  . 5
B0 l  516=9.P EpS=.4 . f  HU=:3Z/

INPUT ETIHPLETE

----PFEE EHHFIU;3TED r EHTEE liEtrl
? 3

.--.INTERRCT AIJERY I .CONTFTIL

. r  €PS=.1  l4U=40 EI6=10
) FDJUIT=I l , lFHIT=s./  '

r:.tlROLL F€EUE5r

r 3 0 l

INPUT COT'IPLETE
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Note that ln the data case, all of the vectors eere 8lzed before values were

read into then, using the ioteractlve array allot1egt featule ( anq (ei'zd*\'

Page 4 of the scRoLL contalns the lteratlon rePort correspoadlog to the

lnttlal guess e=.I, y=40, o=10.

----Fre CXI{fltSTEIlr Ei{TER r€U SCRO"L REOIEST
? 4

----HERR ITERBTIOIT 0 INVIlfi.EIt FT .t'trlxLlH

oEJECTIVE t  F  I  _1  .F00-?- rgE+08

60 FtrR MBIIEL .LIKELY

INI}EPENI}ENT VffEIFELE:! t H]
1 . 0 0 0 0 0 0 E - f t l  4 . 0 0 r . 1 6 0 r l E + 0 1  1 . 0 0 0 S 0 0 E + 0 t

HESSIFH l'lffTRlH t ItPF"'IllaDl l
. (  l i

(  t )  _* ,559917E+08
(  e )  - t . 4 7 4 5 1 8 E + 0 0
(  3 )  _ t . t 3 0 g c 8 E + $ 1

(e ) (3 )
- 1 . 4 P 4 5 1 8 E + 0 8  - 1 . 1 3 $ € 9 B E + 0 1
-4 .938874E- 0e .l . I 945?',38- 0e

4.  tgd599E-0P - l  .50670t1E '01

GRHNIE}IT VEETT]R T DF,/IIX ]
c . 6 ? 5 3 1 6 E + 0 1  e . e 3 9 5 B 6 E - 0 4  9 . 3 0 0 1 4 6 E - t r l

EI6€H1'RLU€S OF HESSIF}I }IFTPIX
-t .3gg;7Qf+o? -e.4303reE-0e

iiRTRIX OF €IGEHT'ECTOFS

s.8e7l0tE-03

{  l )  ( :  e )  { :  3 }
i :  I  )  9.9998S7E-01 E.. l5lr3t : :?E-rJ3 - t  .  t r04346E-0e
(  e )  t  .5 {e?56E-E ' -?  1 .6 .14136E-$1 6 .447e43E-01
t  3 )  1 . r83?64E-08 - ; .44F,939E- t l t  7 .64349eE-Dl

IIELTF-H t += jg11lnaD I o=FtHT I -NEt iT0l{ I
1 . 0 9 5 1 D 9 E - 0 1  6 . o D f , 0 F q E - Q t : r  - 7 . 0 3 3 P 3 7 E - 0 1 +

DELTR-X / X
t .  0951 09E+ (r  0 I  .5000aeE-03 -7.033ee7E-0e

EIE€TTYECTOF' BOUNDS ON H F* N€XT TT€RCTTOh
9 .eo0000€-01  1 .00000G+00  s .000000E-01

coll/EnEENcE co{l}Irltr{
t'f;lq;rs rsT csrv€R6Ell
EB-IECTIVE CFITERIOH UN:if iTISFIET'
SPECIFIED ERITERIf i  L INSFTISFIEI I

---ENII HERI1 ITERRTIBH I
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o

The change ln the independent varlables DELTA-X was bounded on the latter rwo
varlables. On the last one, the step would have been antl-Newton, because i ts
respective eigenvalue \das positlve. In view of the varlable boundlng option
(chosen via ADJUST=I) the bound on the second X variable was doubled foi the nexr
i terat ion, but the bound on the third varlable was not increased since i ts sgep
was anti-Newton.

The subsequent i terat ion report was obtained from page f ive of the SCROLL. In
thi.s lteratlon, a substantial- improvement ln the llkeLlhood functon was
achieved, and al l  eigenvalues were negative, indicating the proper curvature
for a local maximum.. The second and third independent variables were bounded
again, causi.ng HERA to double their bounds for the next iteration.

\
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----PF6E E}{HFU::TEI'I ENTEP I{E}I :;IFOLL CEEIJEST
l 5

----HERF ITERFTIOH I ItrvoKEI) FT .HR!:LIF b0 FoR t'toItEL .LIXELY

OE-tg[11yg t  F I  - t  .431,. t l j0E+fre UITH ITEFT1TIVE ImFpgyg11g111 6.gL?F0?0E+00

IIITIEF'ETIEEHT VERIIlBLE'i TH]
e .0951 0 . - rE- t r l  .  . r .  t : rE€ ,0 ,10E+01 9 .e96677E+0t

HESS IRN HffTPIx t I}EF./[HTIH 1
{  1 )  r :  e ]  (  3 )( :  I  )  - e . 9 5 6 9 0 0 E + 0 e  - 8 , 0 4 i 7 3 6 E _ 0 1  _ 3 . { 5 ? 0 1 8 E + 0 0

i :  e )  -8 .0 {7739E-01 - ' r ' .F ,S I9 :6E-0a E.4p lS6EE-0e(  3 J  - 3 . 4 6 7 0 1 S E + 0 0  S , 4 Z l B 6 r . E - 0 e  - e . E g 4 t  0 9 E - 0 t

EFEIIENT VECTOR T I}F.,"DX]
4 . 4 a E 4 t 4 E + 0 1  - t . 3 g . 9 5 t r E - 0 1  e . S i e 6 9 e E - 0 1

EIGENVFLLIEE OF HEsijIfin rFTRI}i
- 7 . 3 9 : 3 : 3 e e E + 0 1  - t . 0 e e 8 4 t E - 0 e  - 6 . o e 5 e t 9 E - 0 e

FIIiTRIH OF EIGETIVEET0F'S
(  1 ' )  ( .  ? >  (  3 )

(  1 i  9 . 9 9 9 e 7 5 E - 0 1  - 6 . 5 5 F 0 4 7 E - 0 3  - l . 0 l 0 t : i t E - 0 e
i :  e  )  e  .7 l95e9E-  03  9  .4  0  0e81E-  01  -3  .41  0e€. l  E-  0  tr :  3 i  1 .17 :??39€-0e 3 .41 f '3 : {9E- f f1  9 .999?ZSE-01

DELTF-X t ::=SggnOtI) ro=ft1171-NE;1TONl
1  .61 :_{4eEE-01 -Z .F ,g0 tpAE-Dt$  -9 .  f i9e659E-0 l t f

EELTH-}4 / H
7 . 7 0 0 9 9 1 E - 0 t  - l . 9 t 9 E l 5 E - 0 e  - 8 . 7 0 4 8 9 4 E - 0 e

EIEE| ' IVECTOR BOUHDS O}I X FOR NEHT ITEERTIOH
5 .  ' 1 0 0 0 0 0 E - 0 1  e . 0 0 0 0 0 D E + 0 0  I  . 0 0 0 0 0 0 E + 0 n

COHVEPGENCE CONI}ITION
UTIXNCIb'}IS NtrT COHVEFEEI}
OBJECTIVE CRITERIOTI  UHSFTI  !F IE I }
SPECIFIEI I  CPITERI f f  UHEf iT ISFIED

.-..-END HERF ITERBTIOI'I I
o

-/
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APPLICATION PROBLEM .6-3

THREE-STAGE ROCKET CONSTMINED DESIGN OPTIMIZATION
(Optinization with Nested Constraint Matchlng)

Problen Statement

A th ree-s tage l iqu id  rocket  veh ic le  i s  to  be  des igned to  l i f t  a  g iven  pay load
in to  o rb i t  f rom the  sur face  o f  Mars .  The prope l lan ts  have been spec i f ied ,
thus  the  rocket  per fo rmance leve l  (spec i f i c  inpu lse)  i s  spec i f ied .  The to ta l
velocity increnent, and the total burn t irne are also specif ied. Each stage
is  governed by  the  fo l low ing  equat ions :

Spec i f i c  lmpu lse

Propellant weight

Stage we igh t

St ruc tura l  fac t .o r

Total vehicle weight

Mass rat io

Stage velocity increment

Total velocity increnent

(t"p)',r.",rr* (1 - 
\P)

= T t .  l tDurn sp

=  .0234T  +  t {  +  1 .255W
Prop

oroo/*"."r"

wstage.

Y _

sP

t,J
PTOP

ttl
s t a g e .

srlc =

3
I , I=  E

i-1

. 7 0 4
prop + 4

Total burn time

where X-- = atmospheric
L Y

f  =  th rus t  ( lb f )

t-  = burn t ine of
It

I t  is desired to f ix the
order to minimize total
six unknol'ms, the thrust
engines.

Problen Analysis

Since the total velocity
the constants DELVIP (AV
const ra i -n ts .

8.1 = AVtotrl -

82 = EBtot . l  -

increment and total burn t ime
input )  and TBIP ( tg  input )  to

A V .
rnpuE

tB 
input

are  f i xed ,  we spec i fy
define the equali ty

MR.= w/(lJ - I'tprop)

Avi = gc r"n. l t (unr)

3
av.o. = 

Eout
t-= I

3
t  =  5 - r .-8.o."1 

f i -burn.

pressure irnpulse expansion loss

of stage engine

stage engine

design condit ions for the three-rocket engines in
vehicle weight. This involves the deternination of

level and burn t ime for each of the three-stage



These constraLnts reduce the optinization degrees of freedonr from six to four.
Thus, i .n solving the constraint equations we determine two of the six unknowns.
In this caser the choice of unknowns is arbitrary since the constraints are
dependent on total vehicle quanti t ies which are, in turn, dependent on al l  six
unknonrns. choosing T3 and tBr * the inpl ici t  equation unknqrns, the problen
nay be stated as

FIND T1 'Tz'tBz'tB3 T0 I4INIMIZE t.l

and

FIND T3,tBl T0 MATCH 91,92 T0 ZER0

Program Structure Diagram

. M I S S I L E
T'NCONSTMINED OPTIUIZATION

ln_'i

I

I 2 BZ,

Io_t!]l!JIJz_E_lt_ _ J
HEM \

/

l. srne r
_ _ _'yl'1:"1'l

I

FIND T3 'TBl T0

ryt,9rrse- - > AJAXI
I

I

I srner
Avaoa=tBaot=o

W = I J
payload

For each stage

f =
sP

W =
proP

w
stage =

S -  =
rac

l { =
r4t =
A V =
AV

tot
tBtot =

Repeat
81 =

8 2 =

6-20



I
I
I

a
I
I
I
I
I
I
I
I
I
+

t
I
I
I
I
I
I
I
I
a
a

l^J
a

(J

c
o
|!

F

o

I
I
I
I
I
I

F

o
F
l
(L
z

x
< .- ) ^  

- t
< r l ' r  a

-t
o c  o
z t  F
< .

o
< a r t  a
a Y v  a
u J o
I ( )  H

t
o c  d
t r r !  O
F . C
. r -  O
hJa ' |  t
2 v  cc r n
l H  l n

x n l
f r t r  .
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H v  7
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F f  .  | , ) ( I
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Z U J  I  .  v Z - a g  -
u l g o  ( D  O  ( L d F <
( 9 = .  F  Z  J  H = U ) F  ( D
< @ ^  .  H
F F | f )
( r c -  . \ l  O -  - S f  \  ^ . v H
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) - > A  T  I  l l  O 9 - - e t ^ o . ( t F F
u O  o  F  F ( \  F C . < C  . ( L H I H C +

U n ^  .  !  i ( 9  O  > f o t - t g F F  J l a
H ( r - \  a t  ^  '  F ( n d F i l  l l t ! - O > O  t r J H

F . -  t d J  ( ' ) i  @  ( . n [ ^ ^ O - ( 9 J F  O C E
t ! ^ t r J  - U l N <  v t g  F C H ^ H H <  \  i l  c j c n  l  F
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can
the

APPLICATION PROBLEM 6-4

CHEMICAL KINETICS PROCESS IDEMIFICATION
(l,Iu1tlpoint Boundary Value, Model-Fitt,ing Optimlzatlon)

chemical reactl-on proceas

*t

A+B ? C+D
k,

be represented by a system of fLrst order dlfferentlal equati.ons deftnlng
rate of production of the chemical specles A, B, C, and D.

49' = t,es
dr

#= 
- tklAB+(.01+k2)Al = - t : :+(.gl+k2)Al

:l = - [krAB+ .osBD] = - t# + .osBDl

$f = <.or*r2)A - .osBD = *3
where k' and k, are unknown rate constants. In an experlment lnvolving the
chemlcal reactlon, the concentrations A and C were measured at 10 ninute intervals
for one hour, result ing in the foLlowing data:

Tine t 0 10 20 30 40
|ll

A I  .483 .28L .191 .L34m

c 0 .4L9 .563 .529 .666m

A progran ls required to t identi fy the processr by selecting vaLues of che
parameters k.|  and k, for which the integrated concentrat ions A and C match their
respective mEasured-values in a least-squares sense. Specif ical ly, the cumulative
error functLon

6
Sr ' )

e(kr ,kr )  = 
k  

[Am(c i )  -  A(k l ,k2,11) l -  +  [cn(r i )  -  c(k l ,k2, r l ) ] -

is to be nlnimized with respect to the parameters kl and k2 where the concentra-
t i o n s  A ( k . , , k 1  , t a ) ,  C ( k r , k r ; t . , )  i = 1 , . . . , 6  a r e  d e t e r m i n e d  b y  i n t e g r a t l n g  t h e
dif f  erential-eqtat ions'gifen' ini t ial  condi t  ions

A o = 1  B o = 1 . 0 3  C o = 0  D o = 0 .

The output of the program wil l  include the values of k.,  and k", and plots of
the concentrations over the time interval wiEh measured value6 included.

dA
dr

50

.o97

.689

60

.065

.708'
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The problen block for thts orogram 1s:

TO] PROELEI1 .DIFIRV TEHEI. I IEf iL  I ' : INETIT. : . . r i  PFoc:E:S I I ,EI ITIFIcFTIon]
Efl ] RE}II' DIlTff
: - . -0I  I l . lPEiE . l - :ET t  OFTIHI ITITI t I {  r tOtrT.eOL: i  FOF HEPF l
. I I - I ]  FI I {D F: :1Ih.E I1{  . | : I - IFFIT ht I rH EOLINI I : :  ETIPT]  TE I ' I IHI I ' ' I I3E ERRDR'
5 r:' I EHn

Bounillng ls used ln thls problem to linit the optl-nizatlon search stepplng.
Fixed boundlng ls enployed as speclfied by the cotrtrol varlable ADJUST=2 ln
the controlLer block .SEI:

6T] I:.EI'ITFOLLEE .5ET FOF HERfr
I tr I DEL Tfi= 1 E-E
B 0  I  I E T H I L = t
9S I ffIr-tui:T=e

1OO ]  INTERffL-T
I  l0 I  Er . f I l

Slnce the controrler block contalus an INTEMCT statenent, addltlonal input
data nay be interactlvely provlded to augment or supersede data read fron the
data file vi-a the READ DATA statenent (line 20).

The optinization nodel block .CIIRFIT:

lE t r  l
1 3 8  l
l 4 D  l
1511  1
1 8 0 l
t r 0 l
lEr l  l
1 ' -rD l
: t ' l t t  l
E l 0 l
EE LI
CJ IJ
E j l I

e50
E{0
l r 0 l

I,IOTIEL .CUflFIT t II{TEIIFIFTION FFITI iLIFVE FIT EVFILLIIITION ]
Fl=t i f l  B-Bf l  f ,=r l0  D=tr0 T=( t  tET I I { ITIBL IOI{ ITITIONS ]
E} iEDUTE .HHES ISET UP FFLiE t rLoT ]
INITI ITTE IS ' I :  FOF'  . t I IFEGT:]  Er . :TUFTIOI{ . i :

I'FI'T..'B I I|EDT- E , fir::ftT,,f.: I illrlrT.jfr UF T :ITEF ItT
EF:F'OF = IT I IHITII1LISE I:UI'IIJLFTIVE EF'FI]F ]
FUE I= l  TO r{  DO t  IHTEI]F,FTIOH LOt lF l

U I ' . IT IL  T  EE  T . I ' t ( . I ]  DO
I TTTEEEFITE . t' I FEfi:T
E ! { E C U T E  . F D I i { T ( f r  r ' F . ' r E r  " E ,  r l :  r . ' r l  ,  r I l  r .  f r ,  j

PEFEffT
ERROP=ERFEF+1F. i . I1 : I  } -F, IOOE+(:E.PI i : I  ] - I : : ] .O'E r  EU] ' IULITTIUE ERFIBR ]
E :4EEUTE .F t t I t {T { t l  . l ' 1 {  I  t . .  * .  r f r  .H ( :  I  )  r  F  

" . ,F:EPEHT
' : : I1LL PLT]TIT tL iEFIEF'FTE PREE PLOT]

ENt'

contai'ns logic to initiallze and integrate the different^al equations while
accumuLating the objective function ERRoR at tine poLnts corresponding to
measured values. Also, a prlnter plot of the conctntrationa is generated for
each l terat lon of HEM.

Slnce, in thls problem, an integration process is nested lnside an optlmization
Process' Part lal  derlvatives are propagated through the lntegration, requlr ing
that the propagatlng solver ISIS be used for intetrat ion.

o



The dlfferentlal equatl.ons are glven ln the nodel block .DIFEQS:

E.tr-r t 11g1,g,- .trIFqEi t ITIFFEEEFTT IFL ErtullTI[rl.i; ]
e'3 rl I 1rrl[T = Fl oFoE
:{r :r  rJ l  DFltrT = -r . f | r_-DT + , . . I t  + F]ej ]F. i
:1 lul  t rFDT = -{nt: : I tT + . t r : .EoIr , r
lEr:r:l [rlrnT = ITEITT - DfftrT
l:-1|J ] EnD

The remainder of the program consists of the prlnter plot preparation procedures
.MXS and .POINT:

14 rj
:15 rj
.iE f,r
: i i  I
-l:l t-'l

PEO'JETIUF'E .R}{E5:
r::trLL :iETFLUT rl F I LE r::: I JE 1
L :HLL  FEF IHEH( :  I L ' I IE .  I JT 'T I I . lE ' I . | : [ ] I { r ] :E I ITF ;FT ID I {  i I : i :  T I I , IE . J
t l H t l F : = . I r H T F r :  H "  r  " F .  r ' r l : ' '  r . . ' f r . "  r ' + .  t . ' L - t "  : r
r : .F iLL FEHI ' IEYt . f i r I  r ' 'H. l . t=+ r l :  . l t=r . r  ,  r r l :Hr ip i

_1'-l tl I EHII
.+'JrJ I FF{E|::EITURE .FOII{T
+ I lt I PFErlt ' tETEe F L= .t iFlRf,i
4e t t  I  FOF J= l  ITEF  e  To  L  CHLL  r : :UFr \ rE { .1  rF r .  J+ l  }  rT  rF ( . J i  i
4 : l0  I  Et{n

Program exeiution begins with an lnteractive query fron llne 100 ln controller
b lock .SET:

.  - - -  -EEL; I t { t l I f tL ;  FFjD' iE: t i t t  E: , iELLj  i  IOt .1

----I l{TEFHT::T f.t ltEFj'r '  t . iET

?  F I L E = I  S I a E = ! .

. . - - !FTH IHPUT'-O}IFLETE

t 0f i  J

The
the
100

varlables FILE and SIZE (see
prlnter plot be routed to Ehe
character plots) and that the

l ine 350 ln .AXES) are set co specify that
PRIMER fi le (autonatically fornatteal for
p lot  s ize be one sector .
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Next, the HERA sumary report
correspondlng to Slll0UT=-l) :

waa prlnted on the TfY (noolnal output

----HERR SUI'lNrlFYr IH1TOEED FIT .DIFtF.t,

EO}IVEREEII IE ' :TINI I  I  T IEI j
l-lHKHOlrlll:! f, Ol{\tEREEII
OE.IEL.T IUE EEITEPION LITI::FT I :::F IED
I iLL SPEIIFTETI I - :RITEFIf f  SFTI : lFIETI

4U FOF. 1,18I'EL .CUF:FIT

e . r4t i t:r rJE- 0E 4 . E._tEF:7 ffE- 0e
: i .79045s,S- [e  e .346E57E-0e

; . i=8 05iE- rl I 3 ..-14.te.-f 3E- Ll l

5 .5 t45AiE- [e  € . .BP?eAgE- t re
FJ . 09F_,5548- tr:4 :_? . e4B I Lr€.E- 0:<

F.057.9F7E- t re  : .  I  1e6 ' -1BE-D3

7 .4T lg.lBE- 0e F . E 116 l9 nE- 0e
3 . ? r'l?eg 0E- 0:j :{ . EB 1b:19E- 0:<

e. i40137E-ojt  I  .  3ts_,t675E-04

LT]DP NUHEEF
uNf:lttrldN:!:

H 1
KE

OSJEETIVE
ERETlF,

LOOP HUI'IEEF
Ul'lF:.Ntllrltf i

K 1
HE

trE.-IEI-:T IVE
EFROP

LOOF I'IUI'4FEE
ulll.:fl!1^11.15-

K I
KE

OE.JEiTIVE
ERROF

-.--ETID DF LDTTP SUFTFIRRY

t  I T I T I H L  ]

I .00Ut rUr_rE- t rg
5 .  t ] C 0 0 t r 0 E - 0 P

t . 6 u 5 o , - t E + 0 u

t  I H I T I F I L  ]

I  . 0 0 0 ! 0 ' l E - 0 ;
5 .0000r l r lE- r ' le

1 . 6 0 5 0 3 ' t E + t ' 0

I  I I I I T I B L  ]

I  .0 r . ,DL l0 t rE-u :
5 . 110trtr0f-rE- [e

1 . 6 0 5 0 . 3 9 E + 0 0



The remalnlng output was
was subsequently perused

to the SCROLL and PRIMER
followlng dialog:

f i les. The SCROLLrouted
in the

'  - - - - :F 'Er :  IF. r '  F l t r . t r - 'TIOt{
i F
----Fultr:rTIor.t Ii
i L
---- : ! t : :ROt-L FILE

PEF"lri€ r =F JLE;Lri!:T

I.:: LFIiT

-- -_FILE FIEf i I I i '  FNFJ : ! I ] .EOLUII { I I .  FHf iF EI{E HH:. i  TITELE OF I ]OIJTEHTS

- ---EHTEFI irl:FloLL FjEijt_tE:: T
i l

1  .  : ! I ]FIOLL FILE TFI IL.E OF T.OTITEI{T: i :
E . t t r t T r l r : ' n i E  1  t . t r l F r l : F : \ r  I r J l
Ji. IftTEEtlL-:T r;!LtEF:'r '  t .: iET I t:r u l
4 .  - - - -HEEt l  ITEEFIf  IOI{  r l  I t i , r ,0 t iE l r  r lT . I t  IFr :F: r i
: .  - - - -HEF:FI  ITEEITTIOII  1 I I . { " /NI : 'EI I  FT . I I IFI :F"J
b .  - - - -HEF IH  ITEF{ iT IOr {  i  IH , , i n r , rE I r  r i T  . I IF | : :F :U
i .  - - - -HEFi t i  ITEF:r lTIot r  i  I r . { r , rnf :  Etr  FT . I IFr ] :5 ; i , ,
E.  - - - -HEFJh ITEET]TIDH {  J I . {LJO}: :  EJI  I iT , r r  IFr- :F: ' , r' i .  - - - -HEFTH ITEFII ITIOI{  5 I f t r in t rEl {  HT . f r I r r_-p,1r

l rJ .  - - - -HEFrh ITEEFIIEi {  ' : ,  I f l ! rn t , .E l ,  Ht '  . I r lFr : :F: \ r
1 1 .  i E r i r r - O F - F I L E : 1

----FrtrlE E:.iHHt_tj:TEtr I EttTEFl HF_t,t :r i:,_FjOLL FlEtj-rLtE: T
? : ,

4U FOF: i ' lOt tEL . I ]UPFIT
4r. '  FOE nOITEL .L]URFIT
+ rr FEE HOITEL .L:LEF I T
4O FOF I . IOI IEL . I : :UFJFIT
4N FEF TINT'EL . ' ]UEFIT
4|] FRF.: r, loIrEL .LLtBp11
4U FOF I.lOIIEL .t::Uh.-FIT

----I lttTrr l-:Fr.!E I  T . I I I F I : : F . : U j ' r  l

t i l I  i | :HEHIT : : t l L  F : IHET IT : : i  F 'FE I :LF r {  I t {FUr  I rHT f r l
i l  0 l  l i ,  1  = t : r .Ul  l tE = r_r  . i '5  tFF{TE r : :Dt{ : :THl . { f  r_;LtE- ; : ! .E: i l
: j t : r  I  T . i . l  , :  F_ . . i o  T . t l  =  t t i r lU r . - j :  l . r  r _ l t , i  r I r . t r h , t : i  t t lE l i : i L tFE t lE l {T  T l t tE i l
4Lr l  L- . . f , ld .F:_ i+ l_-- .1.1=u.41-- i  r1 .5, : , . : : :  t i .E. : j !  { .F:n, jJ  t : t  .F_ ' .85 L- t  . i t ] : l  t r : , {Et i ; i t_ lF:El , lEf lT: .  l
511  I  f i . 11  d :  f , . , o  H . l , i = t t . + t : : J  u . f : : j 1  r i  .M  i t  . l 14  n .n . J i  D . r . JF .5  t t : l  ] . lEF . : t _ rF ,EHEI i r . : :  l' . - ,Lr  I  FtL=l  Er ' - r=1.1r . : - r  i .u- r i l  I r r_r=rJ t : I t { ITIFL t lEr{ r :Ei lTFjFtJOr{ , , , , ,FLUEI:  l
i i r  I  F1=r- ' r .  L- r l5  EE=t-- r .  i r ' t : ,  f  OFTIt ' l l *=Fr IDi i  :TEF t ,OrJt . { t r :  l
:: ir:r I lr [=i t I t jTEL;FlffT I [] l i  : TEF:: I iE j
t 'J. ' l  t l=ts-. I I iUHEEFT EF t'!EF::t-lFjEt' lFlif : i  ]

----T'I1T'1 If lFI.JT IDT.IFLETE

----FFr-;E El{HtilJ:.TEn I ENTEF HEt,j .: ir--.F;OLL FEr.-rLtEiT
_? ::l

---- I r lTEEFtr:T [rLlEFY t  .5ET

; ' F I L E = l  i r t a f = 1 '

----trqf l i  I l lFl- lT L-:CIf lFLETE

1 0 1 1 1
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Since DETAIL-I was speclfied ln the controller block .SET, detalLed reports
were wrltten on the SCROLL for each HERA lteratLon. Ttre flrst and laei of
theee were perueed ln the contlnued dlalog belos:

----PFIJE E}iHRU-qTEIr I EI{TER HEIqI !|,FELL EEL:ILIE:::T
? 4

----HEEF ITERFTIoN O IIII/T]I{EII BT .frIFr:F.rI 3IO FTIF HOII€L .EUFFIT

OE-IECTM tFI t .F,trFrJ:- : : {E+00

IilDEPE}TI'ENT \TFRIFFL€S t Ti ]
f  .000n0t€-r le E. [ ' t r . t i r rr t ruE-09

HESSlfflt t{ffTPIH t DeF./IrHrrii l
(  l )  i  a )

(  1 i  e .533150E+0? 4 .F i9F_,s iE+r_ ,e
r.  ?) 4.7E96S3E+ 0e - l  .F.45t?€.E+nl

ERFNIEHT VECTOR t IIF,'NH ]
-5 .5736 r6E+01  ? .960F lSE+0r - ,

EIGENVfiLUES OF }IES:IIRN IIFTPIH
5.89e?B8E-0r  -e .304ee6E-nt

I,IRTRIX EF

(  l )
(e)

ETEENYECTOPS
(  l )  r  e )

9 . 9 4 0 8 1 3 E - 0 1  - 1 . 7 ? 7 r s F E - 0 1
1 . 7 ? 7 t 8 B E - 0 t  9 . 9 4 0 B r 3 E - r r l

IIELTR-X [ *=Bgt1gigl] r o=f1111 I -NEhtTtrH l
I  .74e7008-0e$ -t  .809844E-r_rEo

DELTR-X / X
t  .74a7008+00 -e .41g( rS?E-01

CtrNVERGENCE CONIII TION
UM(NOIdNS NOT CONVEPGES
OEJECTIVE TPITEETON UN-CFTISFIEII
SPECIFIED CPITERIF I . INSFT ISFTEI ]

----ENII HERF ITERfiTION O



----PFEE EliHrtt-lsTED' ENTEE NEhl st:EtrLL EEAUEST
?  t 0

----HEEH ITEEfiTIOI{ b IT{'T'OHETI IIT .TIIFI:FU 4I] FOR HOI}EL .]]URFIT

oB.-tE|]TlvE c F ]  I  . : - rheEiSE-04 LrITH ITEERTIVE Ir ,rpRUTEttEHT - l  .37746.1E-04

INT'EPENT'E}IT VFF'IFELET t }i ]
7 .60E 1 ' - l0E- r rE  3 .881639E- i r : i

HE.SS I FN HRTF:I H I BEF.JNHI'H ]
(  l l r  t  E )

r l  t )  1 . 4 6 3 0 9 e E + f l e  - 5 . t i F 5 4 5 E + 0 1
{  P}  -5 .775545E+t i1  7 .e I98 i4E+f lg

ERI1DTEHT VECTOE T NF."[IH ]
-6 .5 t 1.5 tr..fE-0: -'-1 .eg 1 e r1:jE- r-1:{

EIEET{VFLUES TlF HE5;TIRI{ I.IFTRI].1
3 .  l63l  f l3E- 0e t  . ; :3:{h 0.3E- n I

HTTRIH trF EIGEHVEf,TtrF.5
(  1 )  ( :  e )

{  t }  9 . . -s i t tE i+E_t r l  _ , - t .EEE: I teE_f le
(  e )  F . F 6 E X 1 3 E - r r E  I . 9 5 I 1 E g E - 0 I

DELTtl-H t r:=BgglrltIJ I r=Ff{T I -r{Et'lTCIH l
4 . t?7 0 DFE- 115 * . *t t og5E- fiE

DELTR-:{ .,. 11
b.EBtr4e:18-04 e. l3t ' : {E€E-f j - j

I]ONT/EPEE}IfiE I]OHT. I T I ON
UI{h}IOI,'}iS EONI/EPEED
oE.-TEcTIVE f ,RITERIOil  Ul{ : : 'X115,prtD
RLL SPECIFIED CEITEPTF :S} lTTSFIETI

----END HEPB ITERfiTII]H 6
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The plotted output, routed to the PRINTBR flle was saved on the pernaoent
flle KIN2PLT by the followlng dlalog:

----PFIGE EHHBIJ.iTEII r ENTEE rIEhI :!T':qOLL PET.IUE:!T

----: iCNCUL FILE PERUEIIL E:OHFLETE

--- -TPEf, IFY FUHT:TIOH

--- -FUr l ' ITION IS SFVE
----!f,EOLL T]UTFUT r =FILET}IOI{E
t t l
- - - -FF: tHTER OUTPUT s =FILE. 'HONE
- - . ' =F i I | fPFLT

--- - t lUTFl- lT : iBVEDr PFINTEF=F: I l l .=Fl_T

Next, the PROSE tiue-gharing seesioa was cmpleted, and the PRINTER flle was
dlsposed to a retq)te batch termloal uslng the followlng dLalog:

----:!;FE[ IFT Ft-lfiL:T IOt+
T 8

----FPO:IE TIrE:HtiEIlt l; .!E: i Igtr L-:UFTFLETE. Ti{titt l , ' ' f 'OLr .
E ] i I T .
.' t-;ET r FF I tlT=H II{EFLT
,.trr I :IPOIE rFE I FIT=pF,'g1 =.-el+ f; i trlt).
$ t t  I : -FU:- .E r  FE IHT=PF rE I=?BF :uI* ,  .

The protted output from the fLrst and last iterations are given belou.
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APPLICATION PROBLEU 6-5

OPTIMAL DESIGN A}ID CONTROL
(Opttmlzation of a Two Point Boundary Value Model)

A basic Probleu in modern control theory is that of nlnlmlzing the scalar
functional

rT
J(y )  =  |  e (x , r )a t

Jo

with respect to the vector function y(t),  known as the control function, where
x(t) 1s the state functlon belng control led. The functions x(t) and y(t) are
connected by the state dif ferentlal equation

dx
i t=h ( * ,y ) ,  x (0 )=s  .

Frequently' the problem is a uore general one of ninlmizing the functional

F
t ( v , . )  =  

|  
g ( x , y , a ) d t  +  0 ( a )

,o

with respect to y(t) where the state equation is now

dx
f r  

=  h (x , y ,a ) ,  x (0 )  =  C

These entalL questions of design since a is a design paraneter. In most cases,
oPtlnal control problens are transformed into two point boundary vaLue problerns
using principles of the calculus of variat ions. For exanple, consider
the functional

where the

fL
t f  )  ,  - z

-r1y,a) = 
i  |  1* '+y'1ac + |,o

state dif ferential equation is

* = a x * y

for the |troment, that a is sirnply a constant we may consider the
to be minimlzed as simply

fL

I  r  (*,v)at
Jg

Assumlng,
obJective

where f (x,y) = (*2+y2) lZ
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subject to the equallty conatralnt i + ax - y - O. By introduclng the
Lagraage oultlpller I se Ey lnclude the coaetraLnt ln the obJective, so that

A r L

I 
r(x,y,r)dt -Jorrr' * yl)lz + I(i + ax - y)ldt

Ttre necessary condltlon for a local nlniq.m le net by applyrng the Euler-
Lagrange equatloos to the varlables r aod y, nrely

g = +/*5)rt.tu{ns x + al = r0r dr \_-r

t r -+/** \ r t " turnsy-r=o0y d .  \  , z

hence y - I aod i = rfal becrea the control dLffereattal equation

j ' = r + a y

The boundary conditlon on y ls detenlned by the trnneversallty coadltlon

l a t . . ^ .  
' l

l ; 5 d r * # a v l  = O = l ( l ) d x
Lda Jr

thus y(1) = l(l) = 0, slnce dx ls ln general noozero.

The olnlnizatlon of the fuactlonal J(y,a) has nc, been reduced to the tno-
polnt boundary val-ue problen

i = - a x i y ,  x ( 0 ) = "

i = , x + a y ,  r ( 1 ) = 0

Thus, for a giverr value of a, the functlon J(ary)n nay be ulnimlzed vith
resPect to y by solvlng the two poLnt boundary value probl.en ln the D€rnner
demonstrated ln section 5. Thls entaLls a pRosE statement of the forn

FIND y(0) lN Lr.qj T0 ITHTCH y(1)

where tnqj Integrates the state and control dlfferential equations uslug the
l.nlt lal condltions x(0) and y(0).

However, thls only partlally solvee the problen, slnce it is also deslred to
flnd the value of a so that the functlonal

- f L  z
J ( y ,a1  = | f  ( *2 * "2 )a . * i,Jo._ , . - -  z

is aia{ml2gd with reepect to both y and a. Thls can be accmplished by
reformulatlag the integral tnto an oDE by iBtroductlon of an obSective-
lntegratlon variable z, such that

6-3o
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The obJective function norr becomes

J (y ,a )  = lV<o1  +z ( t )J

The obJective differential equatl-on nay be slmultaneously lntegrated wlth
the state and control dlfferential equatlons and the value of J(y,a) may be
computed folJ.owing the solutlon of the two-point boundary value problen.
Thus, the functional nay be nininized with respect to a uslng HERA via the
statement

FIND a IN anpt  T0 MINIMIZE J

where tuopt soLves the two-point boundary value problen and computes J.

The PRosE program for this problem begins wlth the probl-en block .oprDES
which solves the nini.nization problem for a.

I 0 I PFUELEI'| .opTrrE:j t UFT I t"tFL DEt I6N EHI| i--CIHTFOL l
e 0 I H= rl r IIT= . 0E5',i. ' t '  0= .l I l lp= 14
:3U ]  INTERHET
4L l l  F I I ID  H  IN  .T l ' l uFT  To  H I I t IH ITE  - r  tFFE f f t ' tETEF  H IH IN IZFT ITN l
Sil I ENI'

The nodel block .TWOPT solves the trro-point boundary

E' l l  FIEnEL .T ' r loFT tTt lO POI| {T BOUI{ I 'FFT \THLUE r{EtELl
70I E]{Er-:UTE .Ft}{E:i
L l I t ]  F I r ID , . . /O  t  IH IT IFL  i IF ILUE EF  Y ]  IH  .TE I ] . J'-1rl I TO HFT|::H \,.1 t E0utltrt lE:.r, COHnITIEI{ nT T=t l

1001 - l  t  0E- lEr :TIVE , r r f iFI t iELE I  =: , 'e+E+oE.r 'E
1I  'J  ]  E:{EI ]UTE .FLET
1e0 I  En I l

value problen and computes the objective variabl-e J, for each iteration
of the nlninization problem. A printer plot is generated showing the state
function and control functlon over the interval.

The nodel block .TRA*I solves the inltl-al value problem usi.ng the solver
JAI.IISIS for the current estinate of the Lnitial

130 ]  I , IOIEL .TEHJ I :  ITtITIFL VHLUE I ' IT] [ ,EL ]
1 4 0  I  P T = 0
l50l Y t f ,Ol lTRDL VFEIfrELEI =ytr
160]  i i  I . : ;T I ]TE UBEIFELE]  = I
1?O]  E  TOB.JEI :T IUE IT{TEEFFTIOH VFFI IFFLE]  = [ r
1 g 0 l  T  t T I l ' l E l  = 0
T9D ]  I IT IT IHTE JFHI .c I : I  FT]R .DIFF Ef I I I r111p l { *
et'.f ' I ZIroT.rE 'HIrDT.,.H,TDoT.,.,t ' OF. T .tTEp 

trT
El tr I EiiEtll-lrE 'PoINT
c-e0l UIJTIL T r5E I  I tD
E3[ ]  ITITEEEFTE .I I IFF
e4 lt I EHECUTE . Ptl I NT
E5O 1 EEPEfrT
E€,0 I i 't t EOUflDIiET t:ENf,I T IEir FT T= I I =.f
E i o l  E H t '

condlt ion y(0), where the dif ferentlal equations are contained in the
roodel block .DIFF.

2
+i
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EBI. ' I  I  NONEL .TI IFF T I I IFFEREHTIFL ET, IUFTIOI{5: ]
E9O] SI IDT-] , iOOE+Y. 'E IOF. . IE| ]TI" , 'E TI IFFEFENTTFL EEUHTJOH]'10 t: I $roT=-F.l '1+y r STFTE Ir I rrgpg1l1 I FL Er..lUFT I OH l: l1u I  r r tDf !T=:4+Hoy t  co i lTEoL TTIFFEFEIITIFL EFTJFTIun l
tE 0 I ENtr

The rcmafuiing blocks of the progran lnclude the procedures .A)(ES, .porNT,
.PLOT, and the controll.er block .SET for A.IAX.

i:1l 't l
lr4 r'i l'15 'r l
] n L ]  l
: i 7u  l
i;:t i-l l
] i r 0 l
.l t_t tJ l
4 l u l

PRT]I]ENUEE .FiiEi
I :FLL  1ETFLOT{F ILE  r i I . j 'E . r
II.IFOTE . lET
rlOl{TF:OLLEF .IET FOF: F_r,i,"i

l'lFli IT=5 r iUf'tOUT= t
EHIt
T1LLET TP (:NP .r r HF t I{P:. I r.F r. NF .r
L-:rt l.-L FEfff"tEHi.6rl I TIl.tE I 

'Ttrto 
F.oIHT FBLtiI,HFrl ' TFLUE pF,uBLEt{' j

t : j t iLL FEFHEY{ .1 r  I  r ' iTFTE i r f iF.  IFTELE , :  ! , i  i  -  r . .+.  . i| :HLL  FEF I ' IEY{ . -1 r l r ' r -OHrFEL  r iFF l I t i FLE  i . \ . ; r  r . L . l  ,  l
ENB
FPOIEFI- IF:E .FoInT

FT=PT+ I
I F  F T  E O  S  B T = .  I
TP ' .PT  )=T
l iF iPT)=H
' iF t .PT  )=T

EHD
FPOI]:EDUFE .PLT]T

| :FLL  I :UEVET.HF . r .  + r  ; f p  1 i {p l r
l: llLL tlUF'dE {: }tP r , 0 r TF r 'r..F. ;,
I : I ILL PLOTIT

EHII

.1i-'I
4J r : i
.14 u
.l= tJ

4nrJ l
4 ru  l
.lll t't l
+'.j [ ]
S l l t r  l
5l t:r l
SEtr  l
5::: tt l
54 ':r -l
= 5 0 l

These blocks are used to prepare the output of the program.

The execution of the program beglns with an interactive query in whlch the
variables FILE and SIZE are specifled

----EEG IItHI HLi FFOEFll l ' l  EI iEC:|_,T IOh

- . -- INTERIl f ,T EUERY t .TIPTTIE:

? F[LE=E EI3E=1.. '

----NRTFI INPUT |]OHPLETE

3 B l

for use ln the cal l  to SETPLOT (l ine 340) to route prlnter plot output to the
scRoLL (FrLE=2) and to specify the slze of the plot as one seccor. Also,
since slJMour=l is set ln the A.IN( controller block, the AJAX sumary reports
are also writ ten on the SCROLL.

The remalning Tfi output consists of the HERA sumary showlng convergence
in three i terat ions.
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----HERff SLrl. lmFtFjYt It l lr 'Ot"Efi t iT .OFTrtES 4u FEFj l.tDirEL .Tti lOFT

rj0ll\tEEtlEllr::E r_OftF I T I BH
LlHFrtitllrlN:l f, EnUEFiGE fi
f]EJELT I UE IjR I TEF..I OT{ :!;ItT I iF I EI'
I1LL' !FEI : : IFIEI I  I :FI ITEFIF :J ;FIT I  ! :FIETI

L O O F  l l U t l E E F . :  t I l { I f I F L l  I  ]
uHli:HEr,fJ:l

H  0 .  i .E : j 1E r : r i ,E - f l 1  i . 1 t ' - 1u :EE-L r l
OE -lEt]:T I'r'E

_l  _: t . : lu i ' l r i4E-r- - r  I  .3 .4 i3F- , r i . {E-r . r1 ' :+ .+; : ; l5 i t jE-r l t

LODF l l l - l l ' l EEFr  I I l l I f I f i L ]  : l
Ul' l i i l l0hlfiE

H r ]  S, : t I9ui ' : - 'F-- ' - '1
OE- IELT I l JE

_l  : { . : : j 'J ; : ' - f  i4E-Lr  1 . j .4 i i : ; : :_ : :F-  i i l

----Etin oF LooF :luHt'rt iEi'

- - - -Ei iEt luTIEr{  r : :01 ' lFLETE t  i : : l_0: :  Ih , i  : .L l i , l r ,1FF i '  F:Er- j r . l IFFrr .  ' . ' ,E i : . , . t {L I

- - -  E ' ' ,Er : . t - tTIOt l  HHLTEIT HT FFD:E 1

--- : i l |Frls-tr ; lf,thtFFlT . . . . .
F I ELD LEfi':TH - TtrTFL :: 3iF-,:l ,: I l-J,i i r-r il Drl Trit- i
FIEL[' l-El"tr5TH - l- l:.;91, E?;-:i.f i : r] i l  rJE i Er:.Tfir_.i
I 'r lTff lPFl:E - TOTfrL 4:1t15 i: r! t 11441 B': 'rt i l-: i
DHTF iFHr-:E - f iF:Eri ' i ' :  5i1E r. rl r-, 1 I 14 EC TFL i
IrrlTri iFffrl.E - I|EEI,irFTIl. 'E:: EFJ|:] i: Utrr_r414 OL-rT,lt_.J
:l::FFTriH FFrt' l5;it, i u 0:!i I r-r {:l O'::TF|- i
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Next, the SCROLL file ls penrsed Ln the followlng dl.alog:

---- !FEr: IFi ', FUnr:T tEr{
i P
-- - -FUft r -  f IOl f  I : i  FEEUIET =FILETLi : IT
' - i L
- - - - i f ,Et rLL FILE I5 LR::T

_---FILE F..EF[IT Ft]F ::J[.F'OLLIHTII FFFE OTIE Hh:.ri TFIELE T]F ']OBTEHT:!.

- - - -EI ITEFT . ! I ]F:T]LL FERUEST' 7 l

1.  . : ; [ :FIOLL FILE TFIELE OF I :DTITEIIT: :
J. II..ITEEf.IL::T I:.IUEPY t .EFTIIE:I :][ ]
:J . ----F._iri,,.i .i;Ul'tlaFp't I I f1'dof.Efr nT . ttrt[F,T
4. TrilO FOIrrT EOUHITI-rF1' 

"iFrl..t_tE 
FF.,0ELEH

: . ----i1 -tF'.,: ::LiHrlFFtl ! I l{ lr,ot,,Elr FiT . T|TIBF.T
8,. Ttltn F,oIHT touHtrFFt.i '  l iBLt_rE pFfEI:LEr.t
i .  - - - - f i_ l r i l i  r : :Ul l f tFFl ' r  I l {UnF Etr  HT .  f  l r r0FT
rl . Tli ln troIHT BEUHI|FrF..i 1jF[.LtE FFjEIF:LEl.t'-J . ----rl _lF:,": ': UFil'tFF'i' r J H.l',Clj FJt ;:iT . ThtuFT

t tt . Trql0 FEIftT EUUItItFFt' i- r iFL!-iE FF 0ELEI'l
1 t .  i  E f i I ' - i l F - F I L E  I

ri rJ trtiFl
I JEI]:TEFI

BLt FOFj
t : lE f  TOF i

:J O FEFJ
t ::EI: TOF

:_r rl FtlFr
r : !Er iTUF]

I'l0t'EL . TFiti._l
I  O F  1 l

l.lOIrEL .TF:Fr.-t
I  O F  t l

r'lnt'EL . fF:fi J
I  O F  1 l

r'lODEL . TFiH -l
r  t i F  l l

- - - -FF iL iE  E i iHHlJ lTEt r .  EFrEE HEf r l  r j r :FOLL FEt l t_ 'ESI
? :-1

----fi-lrt:q .luttHHF:T r lrrvoFErr ffT .Trilopr ,lri FoE HtrtiEt_ .TRFI*r

':O}I\IEREE}rI: E EoNIII T I oTI
urlf;'nollt{5 rloHTE FrrEIr
r-:trn:lTEF I HT:t r: ffT I:F IEtl
}TLL :JFEI: tFIEB L'E:ITEEIFI . iFTI i -FIED

LOOF I.IUHEEF:
UHF;HO!,lr{:!

Tt l
r::gl{:!TFRINT:

T T

----EHII OF LOBP :iUHl"tFFy

T  I H I T I R I - ]  1

i . Ll tr u lr tl fJE- u t -7 . i. l5g:{'f,-E- tr I

e .e55=5€E+ f l  i l  -= . : j . tBE5EE- iJ8



----FRr:E EtiHtit-t:::TElr r EHTEF: rtELl . jL.:FjnLL 
FEr:.tt_tE5T

1 4

l . l E + u r J I  - I - - - - - - -
I I

Tl, lE FOITtT EE;-[. lIIFF:ri .rrFLl_tE FFIt:LEl'1
I  t : : iEr- ;TOFI I  0F l l  e

- - - - - - - - - I

I
t . {,rE+0tr

I
I
I
I

f I

+
I +
I
I +
I
I

I t l
I r l
I U
n
I

I

t
l

I
I
Y

I
I
I
I

I
+
I
I +
I +
i +
I
I
T

rl r:t I
f r T

T
I
I
I
I
I

r:r
0 t

l l I
I
T
T
I

I
I
I
I
0 g
I
I
I

I
I
I
I
I
I
I

+ +
f, . irE- rl l

r j . + .  u i l E - r - ' l ? .  ' t f J E - u 1

+
I
I

I
I ' J
tr

T II.IE

oF i I ' - l  t I 'ELTF  =  _5 . i r lE - ' - r c l
OF i t t - ;  t t rELTFr  =  l . u ' : rE -1 - r1  J

----F}lFE EI:HIILI:;TETI r EIITEF,
i  1 0

t  nELTF =  l .  [ ! r tE-ue  ]

::TtiTE ';'FtF: I tEl-E i '.,i .i
L.Oi.I lFjI ]L I iHFjIFELE {,T i

tlElrl :-:tlFOLL F:Et::jLlE.: T

I
I
I
I
I
I
I
I

I
I
I
I
I
T
I
I
I

N I
[ r I

t
I
I
T
I
I

I
I
I
T
t
I
+

t + l
t  B l

TLID FOIl{f E:ELtfltrrrF:' i . r itrLUE F.FEELEI.I
1  [ : . E L T D F  l I F  l l  e

l . t E + u u l  - T - - - - -  - - - - - I  I  t . r 1 E + 0 0

t . r-tE- t l i  I ------
T

I
I
I
I
I
I
I
T

D .

CF:TI- 1 i I'ELTF{
OFJII-E I I 'EI-TF

.1  .  t tL lE-D l B .  i L l E - D I
t I iEt-TF = :. Lr t ' tE-t;:,. lT I I'IE

= 5.0r . rE-r_u:-  I  :TFTE ut lF:  IHFLE ( . i i i
=  l . r . r 0E - f i 1 I  ' : :EHTFnL  t f iE I t i FLE  , : i , !

t + l
t  f i l
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CONSTRAINED OPTIIVI IZATI Oii

The classical mathematical progranmi-ng problem may be stated as:

f  i n d  x -  , . .  .  , x
l n

wh ich  m in im izes  f= f  ( x r , . .  . , x r r )

Subject  to  the constra ints

8 n ( x l ' . . . , x n )  : 0

h t ( * r , .  . .  r x n ) =  0  ( k = 1 , . .  .  r n )

In PROSE, a problen of this form is expressed as follows:

F I N D  c 1 ,  . . . , r n  I N  m o d e L

H O L D I t r l G  9 1 , . . . , 0 7

M A T C H I N G  1 x 1 , . . . , h m

T0 MrNrMrzE f

where  &1t . . .5&n a te  the  names o f  the  independent  var iab les  whose va lues  are
to  be  da termined and f  i s  an  ob jec t ive  var iab le  to  be  min imized.  The mod.e l
ident i f ies  a  mode l  b lock  whose execut ion  computes  bo th  f  and a l l  o f  the
c o n s t r a i n t s r  g  a n d  h '  f o r  a  g i v e n  s e t  o f  v a l u e s  o f  x 1 , . . . r x n .  r n  g e n e r a l ,
there nay be any number of constraints and they may t"t ." atty functiolal form.

The so lu t ion  process ,  l i ke  tha t  o f  uncons t ra ined op t im izaEion ,  invo lves
success ive  approx imat ion  o f  the  unknownt  & . r r . . . r&n by  i te ra t i ve  execut i -on
of the model unti l  a local minimum of f  is t6"na. " ln thi_" case, however, the
solut ion is held within t t ,e feasibLe region (the region in which al l  of the
cons t ra in ts  a re  sa t is f ied)  by  one o f  a  var ie ty  o f  techn iques .

Exanple

Find h,y) uhieh mLninizee F = (a-2)2 + (y-l)z

Subjeet to g(a,y) = I - *2/t - y2 z o

h ( r , y ) = e t A - r - 2 = 0

starting from the feasible point (-1,0)

P R O B L E M . S I M P L E
X = - l  Y = 0  I I N I T I A L E S T I M A T E S ]
FIND X,Y IN .MODF

HoLDING C [AND] MATCHTNG H
TO IIIINII{IZE F

END

MODEL .MODF
G= l - x * *2 /4_Y* *2
H= .EXP(X*Y ) -X -2
F = (X-2)**2 + (y- l  ) **2

END

( k = 1 , . . .  r 1 )
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APPLICATION PROBLEM 7.1

CHEMICAL PLANT PRODUCTION ANALYSIS

Problem Statement

A common probl-em i-nvolving lhe analysis of an alkylation plant has been
formulated by A.R.  Colv i l ler  as representat ive of  constra ined opt imizat , ion
wi th an inpl ic i t ly  def ined model .

The re  a re  t h ree  unknowns ,  x1 t  x2 ,  and  xa ,  and  20  i nequa l i t y  cons t ra in t s ,
expressed in terms of  var iaEle Sounds:  

-

0 < x . < 2 0 0 0
o?x* i rooooz -
0  .  * 3  : , 1 2 0
0 < g  < 5 0 0 0
0 : h  : 2 0 0 0

8 5 S i . 9 3
9 0 . j  . 9 5

3 : k  : 1 2
0 . 0 1  < 1  < 4

1 4 5  < r n  < L 6 2

The mode l  computes  the  des ign  var iab les  grhr i r j rk r l ,  and  m by  means o f  c .wo
iterat ive loops. Note that most of the constraints apply to these design
variables; but s ince they depend upon the unknowns xL, x2, x3 in
turn, the constraints are meaningful  and may be appl ied as given.

Wrice a program using J0VE to maximize the prof i t  funct ion:

o b j e c t  =  0 . 0 6 3 g j  -  5 . 0 4 x ,  -  3 . 3 6 h  -  0 . 0 3 5 x ,  -  l 0 x ,

Progran Descript ion

The  PROSE p rog ram cons i s t s  o f  t he  p rob lem b lock  .COLVILLE ,  a  con t ro l l e r  b l ock
.SET ,  a  mode l  b lock  . ITERMOD,  and  a  PROSE sub rou t i ne  .QUICK.  The  l a t t e r  i s
used for  d i rect  machine execut ion of  the model  formulas whenever indi rect
execu t i on  f o r  pa r t i a l  de r i va t i ve  eva lua t i on  i s  no t  requ i red .  Th i s  i s  a  t ech -
nique of  enhancing execut ion ef f ie iency as expla ined in Appendix A.  The swi tch
from the model  b lock to the subrout ine resul ts  f rom statement  2 Ln . ITERMOD,
whenever the funct ion .ANYPARS returns a zero value ( indicat ing that  der ivat j -ve
eva lua t i on  i s  i nac t i ve ) .

The bounds on the independent  var iables are speci f ied in  Ehe f loot ,  array XL
and the cei l ing array XH.

-

A.  R.  Colv i l le ,  I 'A Comparat ive Study
IBM N .Y .  Sc i .  Cen te r  Rep t .  320 -2949 ,

of  Nonl inear  Programming Codesr"
June  1968 .
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The only slgnificant point concerning the model is the way'in which the 20
constraints are def lned. The bounds on gr for example, are expressed by
two const.rai_nts:

g : . 0  a r d . n = 5 0 0 0 - g > 0

whiLe the bounds on k are given by:

r = L 2 - k : O a n d . k = k - 3 : 0

(The last is really just a progranning convenience to avoid having to create
a new variabl-e nane for the lower constraint on k. I,lhere k is itself a
meaningful  design paraneter,  this pract ice should be avoided.)

Dis.guss.iog gf RgsuLts

The sol-uti-on cited by colvtll-e is a maxi-mum at LL62.035 ar the point
x1  =  L728.37 ,  x ,  =  L6000,  x3  =  98 .13 .  As  the  summary  resu l ts  shor^ r ,  J0VE
provides a sat i6factory agr6ement with this solut ion. A representat ive
detai led pr int  is shornm for i terat ion number three. The value of p has been
reduced from the start ing val-ue of 1.0 to a current value of 0.0L5625, with
the result  that the penal- ized object ive is already converging on the or iginal
obj ect ive.
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o

APPLICATION PROBLEM 7-2

A SIT,IPLE CONSTRAINED OPTIMIZATION PROBLEM

Problem Statement

Use TH0R to solve ttre .SIMPLE problem given in rhe descriprion of JOVE.
Compare the resuLts for the equal- i ty constraint with the solut ion obtained by
JOVE (page 7-8) .

Plogran D_e_s_clip tj!.o.n

The program cons is ts  o f  two b locks ,  a  p rob lem b lock  .S IMPLE and a  mode l  b lock
.M0DF'  The se t t ing  o f  the  bounds BX and BY is  no t  enr i re ly  a rb i r ra ry ,  s ince
the soLution obtained by JOVE provides information by which a judicious choice
may be made.

Disc.u.ss.i.o.n of Re-s.ul.tg

Although THOR required many more i terat ions rhan J0VE to reach the same
sol-ut ion, this is somewhat urisleading. In fact, rather fewer computations
were involved and the solut ion required less computer t ime. In this sinple
prob lem,  the  equa l i t y  cons t ra in t  was  sa t i . s fac to r i l y  sa t is f ied  by  sp l i t t ing  i t
into two inequali t ies. Frequently, the convergence cri teri-a must be consider-
ably t ightened to gi.ve acceptable results with thls technique.
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APPLICATION PROBLEM 7-3

OPTIMTM STRUCIIJRAL DESIGNT

This applicatlon descrlbes a nonllnear prograrming nodel for optinization of
the design of a vert lcal ly corrugated transverse bulkhead of an oi l  Lanker.
The model determi.nes the design that nLninlzes the total weight of the trans-
verse bulkhead subject to constraints on performance characterist lcs and on
certal-n dj-mensions. The constraints are both l-inear and nonlinear, and the
objective function is nonlinear. The nonlinear progr€unming problem is not
convex.

Vert ical transverse bulkheads forn the lateral walls of the internal compart-
ments of tankers that hold llquid cargo. Longitudinal buLkheads and othlr
structures form the longitudinal walls of the compartments. corrugated
bulkheads have certain design advantages over plane bulkheads, whi-h make them
candidates for inclusion in tankers. They have been used in some tankers,
but are not the usual design,

The corrugated bulkhead to be considered is shown beLow. The shapes of the
corrugations are assumed to be identical in al l  of the panels, and the
posit ions of the str ingers cD and EF are assumed to be f ixed. The lengths of
the top, niddle, and bottom panels are denoted, by L1, z, and 7.6r respeft ively.
The width of rhe panels is denoted by B. rr i"  po"i ib16 to vaiy the posit ions
of the str ingers' but they are assumed for this problern to be f ixed because of
the configuration of the neighboring longltudinal bulkheads and other members.
An optinlzation modeL involving str inger posit ion could include str ingers of
longitudlnal bulkheads.

f U99cr
stringGt

D Lwcr
stringat

rl---, ----.1"

9elec!94 Applications of Nonlinear prograuming,
Johnwi ley  &  sm

Bracken and G.P. L' IcCormick,
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In the flgure belm the baslc deslga varlables are shosn for one panel.

The design variables for all three panels are:

b, = wldth of flange (centlneters)

b, = leng,th of reb (centLnebers)

d = depth of corrugation (centimeters)

ta = thlckness of plate ln top panel EFGH (centineters)

t, = thlckness of plate in ulddle panel CDEF (centlmeters)

h 
= thickness of plate ln bottou panel ABCD (centineters)

The corrugatlons are assuned to be identically shaped in al1 three panels,
but the thlcknesses are allowed to vary €upng panels, thus givlng variables
t t r t r ,  * d  

1 .

The objective function (to be ninlnized) is the
panels of the corrugated bulkhead. The f igures
be incorporated in the neight functlon. Also,

n = number of corrugatlons

I = welght per unit volume of the material

The total welght of rhe bulkheail in tons ls

total weight of the three
above show the dinensions to

let

(tons per cubic centlneter)

W = tn (br + b2) ( . .X. *  . r1,  *  hlU).
the number of corrugations can be e:<pressed in terns of t.he !ilidth of the panel,
B, and the width per corrugation, s, by

B
n = - .

s

Thus the objective functlon becomes

. . 1 . * . r t r r+ rb t rb
W = I B ( b l  + b 2 )  
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The flgure betow shows
(panels) , L.1,Lm and 26,;
ht'h* and \; and the
hZg rhlr, and"hlO

the lengths in centlmeters of the stlffener spans
the helghts of pressure at the niddle of the spans,

heights of pressure at the lower ends of the spans

E

€o
It

I

I
I
I

- f

E
@

9
ll
E{

I
I
I
I
I
I
I
f

E
*t
I
I
I
I
I
I
I
I
I
I
I

E

o

tl
E E

i*
t -

t ;
t l
I

l
' i- l

I
I
I
I*

g = 7Ar (tcad)

The first three constraints are on the section modulus of each of the three
panels. The sectlon nodulus is given by

, _ l b c  \  e, = +|t ' + u.,.) {. '5) (2)
4  \ J  L  I

where e is the effect i-veness of the f lange (dinenslonless). The subscrlpt is
dropped fron the t because there are three constraints for the three paneJ.s.

For each of the three panels, Ehe requlrement is that

z < z- rure

where 2r,.1" ls derived from specificatlons given in l-964 rules issued in Det
Norske Veritas (Sectlon III, Paragraph 6). Each stiffener i-s assumed to be
clanped at the ends with a constant load:

(3 )

q = yhs (kg/cn)



where the speclftc gravlty of freeh water la

Y - .ool kg/cn3

rnd the geoDetrical relatlonshLp givee

l-

" 
- bt *{b; - d- (co)

Io thls eaae the beading mooent at the eupporte ls

. 2  ^ 2
u-t i=%(ke-cn)

The maxLmun pernitted bendLng atressr of*, r" 1200 kg/cn2. The beoding
streas ia

or- f (te/c.z)

Thus, sinc" ob I oO*

I t l:oo t<slo2

"z# (4)
2 K, trsL2 1661; (4)

where K, = t[L4,400 = .0000000694 cn-l.

The moment of inertia is calculated dlrectly frm the sectlon uodulus as

-  - du  =  t ,  ( 5 )

Firr each of the three panels the requirements are that

3t_
r > 2.2 {zl,rr.  (G)

For each of the three panels it ls required that

/ tmin
t  ' l-  

l r . ro16 * *,
where t = plate thlckness (nillineters)

amln 
= functlon of length of ehlp (centlmeters)

(7>

1.05b1

b = (neters)
L.Os,b2

ht = helght of pressure at lower end of panel ( neters)

K, = corrosion allwance (nll l loeters) = .15
7 -16



The J,ength of the web ls constralned to be equal to or greater than the depth
of corrugatLon

b 2 - d > 0

whlch ls obvlous if therg afe to be other than right angles in
the corrugations.

(8 )

To prepare the problen for solut ion by PROSE, the constraint and objective
function descriptions glven above are used to formulate a nonllnear progremmi.ng
model. There are 16 constralnts, f lve sets of three each for top, rniddle, and
botton panel-s, and one addit ional constraint.

The objectl.ve function remains Ln the form given in Equation (1)

r W =  B  ( b l  + b 2 )
t 11 . * t r z r *hzo

(e)

Fron Equatlons (2) ' (3), and (4) Ehe three constraints on section modulus are
obtained

I u, a.. * i o, d.. - rrrr.lfs

* o, u., * i o, d., - r.rtrrljs

|u, a.o * io, ato - rr t5zfs > o

> 0

> 0

(10)

(11)

(L2)

(13)

(14)

(1s)

From Equations (2) and (5) the three constraints on moBent of inertla are
obtalned

tz o, d2t.  + f ,  ura2c, -  z.z

| -ura2. ,  + f ,arazt^-  z .z

'  4 / 3
(rrh.li s) : 0

Noting that the definit ions of the terms ln Equation (7) are not in centLmeters
Equation (7) ls used to obtaLn the fol lowlng nine constraints on plate
thickness for the three panels

l lara2ro* f, ura2.o - 2.2 (Kl\*o '1a13 7 o

trcrnrlfi s)

t. - .lt"

1.05  ( .o rh l r ) r /2  ( .o lb r )  +  10  K2 
]

l . o s  ( . o r h t r ) l / 2  ( . 0 1 b 2 )  +  r o  K z ]

10rE

rori

(16 )

(17 )

(18 )

> 0

> 0

> 0

-  
[ , ' ' ' ,

-  
[o.sr
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. r -#"  >o ( re)

lotn -  
f t l .s l  

r .os ( .or .h^r ' l '  ( .orbl)  + ro r . ] :  o (20)

ro tn  -  
[<s . l l  

r .o5  ( .01h^) t l ' 1 .o rur )  +  ro  r r ] :  o  eL>

.o- f "  >o (zz>

rorb - 
ftr.rt 1.05 (.oruro)l/2 (.orbr) + ro rr]: o e3>

(24)

Flnally, fron Eguation (8) the final constralnt on length of web greater than
depth of corrugation is obtained

b ^ - d > o  ( 2 5 )

The PROSE progriu is given belov'

t  r _ r  FF IEEL .E I ' 1  . I r t _ tL l  HEFr ' .  :TF l_ t r -T t 'FHL .uF rJ t l I ;HT Io t l
E L r  E l = . l l , . u r  E E = 4  1 : :  . i r  I r = - - - :  t l . 5 r  T T = t . j r  T l " 1 = t  . 3 r  T E = 1 . . 1  t  I H I T I F { L  6 l _ r E : ! : E i l
l , t r  TTI '1  I f r=1 .  r - r : |  I  Tt ' l ! . l l l r= i  .15 I  TEr, t IN-  I  .  t_ 'C
+ t t  l .  l = i . . ' l 4E - : i ; r  r l .EF . ,= .15 .  EFF=E. ' r  r  r ' iH r ,1 i . 1h . f ,= : . i : : - : :E - : l
5 it HT= I lEll r Hl' i= I t--t. i;_:; t HF=49E
b tj l_T=4ir-_, t Lll=:-:: i-:: r LF=.j l5
i n  H t T = E S t - t  r  H 1 l ' ! = 1 l  l f - r  I  H l E = 1 4 4 . . ,
: = | i . t  F 1 L L o T : : . l ' 1  . r : . r t : : I i . - : :  . ' r  I ' l  . I . r : l l i T r : :  , .  F . T . i : l t . : r , ' 1  I
! i r  t  :  . f ' l . r : . i r : : :T= i ,E [T IoH  t l n I lULL t !  r : o t . { ;TFF I I iT : i

I  [ r i l  f ' l .  I  . [ : l ' t : :T=l , lOl . lEf {T 0F I I IEF:TIFr  r_Cr ' r jTF:nI t lT:
I  I  u  F . T . r - l f l : : T = F L H T E  T H I t : t  n E :  i  r : O l l . T E t i I l i I : - i
I a rr rf ED . i:fr:: T='rEtrl.lETF I r:.FtL r: EH:i TPri I tr I l
l : ;  r l  F IH I '  F l rE l r0 :TT rT l ' 1  rTE  I l . {  . f i l - t L_ } , :  I ; , i ' TH t - - rF
1 4 r j  H D L I I I H G  i . l 1  . r : f l l T :  f ' 1  . I . r : . r i :  T .  F . 1 . I l t i T '  ' ! E 5 . ' : l { : T
l : i r  I 0  l ' ! IH In I iE  l , tE I r - - ,H I
1i, r-r El'lI'

ro.b - 
ftr. lt 

1.05 (.orh ro)'12 (.0rb2) + ro rr] : o
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170 f' lorrEL .FULk
t B 0  S = E l + . S A R T ( B e o o a - I r r + E i
lS t l  t . l ' l . r : :NST(  t  )=EeonoTT . . ' F - . .+EFF . . , g .E l . I r .TT - t i l eHT .LT . .e .S
e tr I '  r . l ' l  . r:Hs:T ( e ) =EE.noTl,l ,, ir+Epp.,'g.E 1.fr+Tll-Fi I oHt' loL l.t.og.s
e I f l 5 .l{ . f,N:-i:T ( 3 ) =FeoI}oTE.r€!+EFF..rEoF l }rr+ rs-},i I +HEoLEoo!+S
Et rJ  t l . I .D I ' f ' j T ( t )=g to t r+ [ .TT . ,  lE+EFFo !1+ [oDoTT . /4 -E .E+ i :S ]H1 .HTrLTr .g ) r . ( 4 . . , ? )
e3t : r  1 .1 .  I  . t lF lsT(?)=BEoDoIroTl" l . . ' le+EFF.F t . I r . f i .TH. , ,4-p . Io(  5.F:  loHl , lo l -H+oE ]oo( :4, , ;a)
e40  I . l  . I  . t j F l i T ( : . { : r=Eeo I r . ! +TB . .  l e+EFF .E l r f t o t J .TEr4 -E .E r ( . ; _ r rF :  l rHEoLBooE)+ . (4 . . / 3  j
E S q  P . T . r l t { s T ( 1 ) = T T - T T t ' t I N
EE tr P . T . Cft:lT ( € ) =Tl'l-Tl'rH I t{
e ? 0  P . T . L ] H S T ( 3 ) = T B - T E t ' t I t {
eS li P . T . Df{ST I 4 ) = I 0+TT- (: :: i  . :J. I . r_r5r . : j [ lFT ( H I T./ I 0 0 i oF 1,, I 0 0+ 1 0.t--EE i
e'.rrl P . T . rl lJST (E ) = 1 0oTT-i :1 . :ro l . t-tF+ . i;DFiT {: H l Tr 1 0 0 )oEp,. t 0 0+ 1 0.t:oP )
3 0 D  P . T . i l N i r ( 6 . r = 1 0 o T H - ( : : J . 9 + I  . 0 5 . . 5 L ] R T ( H t l v t .  t  1 r g I + B 1 . ' 1 0 r l + I o o r - o F i )
: J l 0  P .T . r : : f l s r (7 )= l  l r oT l ' l - { : - ? . ' - i .  I  .  r : rFo , : ! r : . ' F . :T { .H1Nr1 f i t r i +EE . /1 f l 0+ l00coE}
:lg D F . T . t:: l{tT ( F } = l 0oTE- ,:, :J .,-r+ l . 0i+ .:!0F I r H t E .. l 0 ir t +E l r I r l rr+ l r l.,::Og )
:+ : j r : r  P .T . r : : n ' . : rT t  3 ]= l  t t .TE- i :  : + . !+1  .  r JS r . I L ]ET( :  H lE . ,  l  f t t r  )+Eg . . , t  t : I t : r+10+r loR)
:34U L;EE.r_ l l rST=EE-tr
.15 [ lr lE I6HT=r5FHl'tF . Eo r. E 1+Be ] + {: TT+LT+THO[.]"1+T8+LE i.,.:!
;3E I EHT'

The output of the program consists of the sunmary report (below), generated
by the solver TIIOR, showing convergence ln three lteratlons.

----THOF: :iUl'tttFFly r It1\lOF,€tr HT . gt_tLli,HEFt
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7 . i f J E * n E E + 0 [
4  .  l 953E4E+  r r0
4 .S5:leiEEE l f' t'l
4 . . 1 7 t r 5 9 5 E + [ 0
4 . 7 7 5 ? e l E + 0 r 1
l . e T 0 D f r D E + 0 1
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LOOP HUHBEE
UHl.iNOt.rt{S

8 l
BE

D
TT
Tl'l
T8

OB_|Et:T IVE
lrrEI6HT

INEAUFL TTY
s. t ' t . cNST
s .11.cr{sT
s .H.cNsT
11 . I  .CHST
t ' t . I  . cNsT
14. I  .CHST
P . T . C N S T
P . T . C N S T
P . T . C H S T
P . T . C H S T
P . T . C N S T
P.T .ETIST
P , T . E H S T
P . T . f , N S T
F.T. r l r l sT
6EO.CHST

..-.END OF LTEP SUT{}IffRY

I  I N I T I R L  1

4 . 5 8 0 t ' 0 t ' E + r r l
4 . 3 e 0 0 t | 0 E + 0 1
3 . 0 5 0 0 0 6 E + 0 1
1 . e o D ( ' 0 0 € + 0 0
1 . 9 0 0 ( " r 0 E + 0 0
I  .3 t r$000E+s0

6 .38 0eB:3E+ D 0
ET]HETRFIHTS
(  l r  l )  Z . 6 . r 4 q b 1 E + D E
(  ? r  l i  l . 6 e 6 9 7 l E + 0 - i
(  3 r  l )  e . 3 8 4 e 6 l E + 0 : 3
(  t r  1 )  - 6 . 4 4 9 1 s F . E + t r 3
(  € r  t )  4 .0 . r834 '7E+04
( .  3 t  l )  3 .6657e€.E+t r4
(  1 r  1 )  1 . 5 0 0 0 0 0 E - 0 1
(  ? r  l )  1 . 5 0 0 0 0 0 E - 0 1
(  3 r  l )  ? . 5 0 0 t 1 0 0 8 - 0 1
(  4 r  1 )  7 . 5 3 4 5 5 8 E + n 0
(  5 r  t )  7 . 7 0 e 3 O E E + 0 0
(  6 r  1 )  4 . t 9 5 ' - ? 8 4 E + 0 0
(  7 r  l )  4 . S F 3 e 8 B E + 0 0
(  B r  l )  4 . 3 7 0 5 9 5 E + 0 0
(  9 r  l )  4 . p p s " e l E + 0 0

I  . e 7 0 0 0 0 E + 0 1

3

5.7S1€,EBE+r_r t
5  .78 l6 .BEE+ F I
3 . 8 1 - . J l  l g E + 0 1
I . r'r5 0 il tr 0E+ '-10
I  .0s r '10008+f i r l
1 . 0 - i 0 f i 0 0 E + 0 0

5 . 3 5 E E l L r E + 0 Q

I . 1Bc-:?F3E+ ll..]
g .3 t  4635E+ 0.: i
3 . 05E41 :jE+ rli+
I .9,r""79E+ r.'t.l
4 .  049, i119E+ [4
5 .953P0iE+04
{ t .
0 .
0 .
5.9564,-14E+0(r
5 .e56494E+ 00
1 . [ 4 1 1 9 r ] E + 0 0
I . 0{ I l.-?FJE+ D0
5.F,E4:--<4PE-14
5 . €,84'i+eE- l4
l . ? 6 - ? 5 t 0 E + 0 1
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APPLICATION PROBLEM 7-4

OPTIMW ITEAT EXCIIANGER SYSTE}I DESIGN

A hot streao is to be cooled ln three stages by refrigeration. Each stage
consists of a heat exchanger wlth the hot stream

t  
I = 0 o  F t2=-4ooF t '=-80" F

rn=10000 lb/hr

To=50'F T3=-70 'F

on the tube side and a boi l ing refr igerant, on the shel l  side. The three
refr igerants enter the exchangers as l iquid at temperatures of 0, -40, and
-80"F and leave the stages as vapor at the same temperature. The latent. heat.
of vaporlzation is assumed to be 100 Bcu per pound for each refr igerant, and
the  overa l l  hea t  t rans fer  coef f i c ien t  fo r  each s tage is  200 Btu  per  h r - ; f - f t2 .
The probJ-en is to choose the heat transfer area for each stage so as to
mininize total cost.

L e t ,

Tn = temperature of tube side material leaving the nth stage

tn = temperacure of shel l  side mat,erial at nth stage

rir = f low rate of tube side material

r i  = f low rate of shel l  side naterial

A heat balance around the nth stage hea! exchanger will give the folJ.owing
equations:

Qt = utao(ar)t

Qo = ficp (rt-r - tt)

Q n = t r t f r n
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where

Qu = the amount of heat exchaoged at the nth stage

Un = the overal coefflclent of heat tranefer at the nth stage

An - the area of the oth stage heat exchanger

(T)n = the log{ean temperature difference
ln

f - l  - f
h [ ( r n - r - t o ) / ( r t - t n ) ]

ln - the latent heat of vaporizatlon of the refrlgeranr.

Combl.nation of the flrst tso heat bal.ance equatlons gives

rof(r"-l - to)l(t' - fl] - 
#L ') 

P

or

To = (To-1 - tn) exp t-unen/rircn) + tn

The aoount of refrlgerant requlred at the nth stage is

(6cp/l) (Tn-l - 1o1

The cost of a single heat exchanger is a funcclon of the heat transfer area
of the exchanger and the amount of refrlgerant used, and may be glven in
the folLowlng forn:

cn=cn+cn

= 
"t(At)1/2 

+ bt i , '

where the f irst tern of the r lght-hand side is the capital cost distr ibuted
over the life of the exchanger; the second term is the operating cost and an
and b" are constants at the nth stage.

The problem ls to^choqae the heat exchanger areas An so as to ninLmlze the
total cost r l ' i th Tu, T-, t i l  and tn preassigned. The cost associated with a
slngle-stage oPeration is also caLculated and the addit ional yearly prof i t
obtained as a result of the optinlzation is establ ished.
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The probJ.en block of the PROSE progrrn Ls given below.

1 O ]  PPOBLEH .REFFIGERHTIOII .HEf iT .EYi I jHHNGER.SYSTEI ' , I
EO] I I i ] ' IFL. t 'SIS OF f l  THEEE;(TfrGE:IYSTEFI.  THE HoT STREff I ' I  IS To BE
:30 ] L:OOLED FROI'I 5O IIEE F TO -70 I]E6 F BY THEEE STREFI'IS OF
40]  REFRIGEF.: f fNT I I I<JTX ENTER Ef f I :H STFIEE }15 11 LISUID FNI}  EHIT
50 ] HS F VHPEE FIT THE TFI'IE TEI"IFERFITUF'E. THE !.IEFT TRfrHSFEE RREF
F,O] FOFJ EFT.:H STFLiE I " !  TO EE IHOSEN:]O F: !  TE I ' I I I . I I I ' I IEE TOTfrL COST.
7O] f,ONP}IEE THE TOTFIL I]OI::T FOE THE THF'EE STHEE IYSTEI',I I,,ITH THI1T
EO] OETHII{E[' FOP H ::TINELE .}:THIIE 

}.\..:! iTEI,I ]
9T]I .SELEIJT TTY OI-ITPUT

1 OU ]  REHTI DBTH
11N ]  FIND I ]EEf f1 IHREI iP I I1FIEF:-s IN . [T]TT ET THT]E
lEOI hI ITH FOUNDS BHFEFT r  Ft tEEt lE r  FHF'EF|+
1:30I  EEFORTINE TFLI- t1111 TTFLUII t€ rTFLUISS r l . , l l  r l r t ' l  rb tS r i lES.Tl  r t t rSTE TCOST3
14!  I  HTITCHIN6 TOUTrlHECt i .  TO t l l t { I t " t I rE TOTFIL.r t t lsT
T 5 O ]  T H R E E . S T R G E . f , O S T = T O T I I L . C O S T
l6l r l  t t :FLEI- lL l lTE REQUIPED f iF lEf f  Rt l l r  | - 'EIT IF ONLY DHE: iTHge IS USEI) I
1701  r lEEr l l = f r r  F IREF |?=0
I IST I  ]  F INN RFEFS IN  . | ]O iT
1:{ IJ  ]  REPORTIHIS TFLUII ' I  ITFLI- I I I IE ITFLUII IS I I ,J I  Ih , IP IhI3I I ]O!T1 ICBST? ICOSTS
EOO ] TO I'IHTIH TI]UTI:HEL:F;
e 1 L ]
E E O
e?u
E4 iJ
t 5 0

UflE . STBEE . ri[: j ; 1=T61FL_ . t::o' iT
tl ltn I T I OHFIL . PRDF I T= q ONE . 5 TFEE . I:0.1' T - THF:EE: 3TRGE . I:.OET ) rE4'365
I I I :SPL I IY  I1 [T I IT IONFL .FFOFIT  IN

' \ ,EFELY FDIIEI}  PROFIT OET}I I I {EI I  Ff  OPTII ' I ISFITIOH IS ooooo.o+ DT]LLRRS'
EllI'

The optinizagion i .s perforned by the f irst FIND statement ( l ine 110) using

the solver THOR. Next, by el i .minating two design variables, AREA1 and AREA2,

the problen is reduced to zero degrees of freedour (determined problem) which

is solved by the second FIND statenent ( l ine 180) using the solver AJM.

Next, the addit ional yearly prof i t  is computed and displayed.

Both of the FIND statements enploy the model .COST as the operand.

E6rl I t lEIrEL .r_:O5T
EPO ] t TFLUIII=TEI,IPEEffTUPE OF I,!FIF:H FLUID ]
EE f i  ]  TFLUI I I I = ( :T INLET-TFEIE I  Jo .ET . IP ( : -U1+F IREFIT /  ( I ' IDETFOCP)  )+1PP16 '
E ' .TO]  TFLUI I IP= ( :TFLUIT I I -TFRI ISE)+ .EHP( -UEOHREf iE , ' ( I ' IDBTFOCP) )+TFRI6E
: l r : r0 l  TFLUIDS=(:TFLUIrre-TFRIr53)o.Et ip(  -U:1oHREF3.. . i : ! ' IDOTFTCP . i  )+TFRI63
: 3 1 1 1 ] ' O ' 1 g g E T - : K = T E X T T - T F L U I N ' ]
3!t]] T hJ= TTHOUT{T OF PEFF:IEEEFNT PE'IUIEEI' RT EffT-:H STIIIIE-LE/HR ]
: : { r J  I  b l l =1 ,1 [ tOTFo t ]P rDL f rTENT lo { .T INLET-TFLUIn I  i
;I4 [ ] IrIT=]'IIIOTFITP/ELFTENTAO {, TFLU I D 1 -TFLU I I,E }
358 ]  U :J=HDOTF. iPZAIRTET{TSOTTFLUIT IE -TFLUI I1 : ] }
3E t ' l  t  I _ :RP ITRL=L IFE  D I : ITF IF I_ |TE I |  T jFP IT f fL  r l 0ST  PER '5TF6E l
'-?I [ ] . r::HF I THL 1=H I rttEEF 1r. .5
3EO]  iFP ITHL?=H2o I ]REHEOr .5
3 ,J01  T IFF ITF |LS=RSOBFEFXoO. t
{CIO] C I IFER=T]PERFTING ' :OST FER : {TF6E ]
{ I 0 I  t l F E E 1 = E t r h J 1
4er: r l  UFEFe=8e.h le
+:10I DPEF3=B?rlrl:{
4401 t  |oST=TUTRL CO:-qT PER : iTF' ;E l
450 ]  L :OSTT=E: f rP ITFL I+OPEE l

" t60t  cBST?=f ,FPITf iLe+EPEEe
{7111 r l .osT3=c8PITf fL3+I ]PERS
490 l T0TFL .EIIST=|IOST l +COSTP+r--O:ST3
490 I  ENI )
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The output of the program was entLrely prlnted on the Tfi, conaisting flrst
of the echo prlnt of the data case.

- - - D F T F ' C H S E  I  I . R E F R I G E  I O O ]

10I t I l f tTf f  FOE REFRIGERRTION HEHT-EXE:HFBr:ER sySTEt,t l
eOl  TFFIG1=0 t rEHp oF FEFEIEERfrNT -  s rFFE I  -  DEG F lSl l l  rFRI69=-40 trEHp oF REFRIGERffNT - srR6E e -  DEG F l4I ' ]  TFRIES=-80 ITEHF T]F EEFRIGERFNT - STFIEE 3 -  DE6 F ]5Tt ]  OLFTENTI=IOO TLFTENT HEFT OF REFRI tERRNT -  STF6E 1  -  BTU. ,L '  ]oO] I : ILFITEHTE=IOII  TLFTEHT HEffT OF REFRI;ERFNT - STF6E E - ETUILB ]TO] ' ILFITENT3=IOO ILFTENT HEHT oF REFPIGERRHT - :sTffGE 3 -  BTIJ/LB ]B0l u1=€0rl  tovERffLL HEffT TRFHSFEF co-F oi  srnaE r-BTU,.HR-ItE6-FTooal301 LIP=E00 TOVERFLL HEFIT TRFHSFER COEF Or srnee e-ETU/HR-DEG-FToo?lt00l  U3=300 tOVERFLL HEHT TRFN-\FER EoEF oF STF6E 3-ETU./HR-DE6-FTooall 1 0 l  T I N L E T = F 0  t I H L E T  F L U I I T  T E H P H T U F E  T O  S T F 6 E  I l110I  IEHIT=-?0 tFLUID EUTLET TEI ' fPEFFTURE FRor , r  s rRGE 3 lI :30 ]  I t I= .  05 t ' ]OHSTRNT FOE L]FIPITfrL r ]OST-:r 'TF6E I-NOLLffPT,,HR-FT ]14r : ' I  FP=.05 t r -oHSTFf t r  FuR tBpIT f fL  cosr -s rH6E E-DOLLFR: ! ,HR-FT l15 0 I r:t3= . 0F t rloNrTHNT FOR rlFF, I TFL D0ST_itTFt6E :I_ITULLRRS.,HF-FT l160 ]  EI=?E-4 t  f ,ON.f;TFl{T FT]F OPERFTINE ,]O'{T-STRGE I-DOLLffF:S/LB ]I I O ] EE=PE-4 I I-ONI;TFNT FOF OFEEFIT I NIi COST-STFGE E-DOLLRRS./LB ]1B O ] B:-S=4E-4 I r.:ONSTFHT FDF' OFERHT I I.iF '::OET-STFLiE :.I-IIOLLHRS/LB ]lF0l I ' I I 'OTF=10000 tFLEtrt  RFTE UF TLTEE :! I I rE t" tFtTEEIFL-LE./HRlEffO ]  I ]F=1 E SPEL]IFIE HEFIT OF FLUID - ETU./LE-TIEE ]810I  r iREFi l=So f  FF:EH OF r :TRFE I  _  IN IT IBL EUESI :  lEeol t lREff?=Fo IBFEFT uF : : 'TFTEE E - IHITIFTL ELrESs lE;]CI]  RFEFI3=50 TFREI1 EF STFL;E :- I  -  INITIFIL I5UESS ]e4 0 I BFIREH 1=5 , FFlFlEtit=5 r ErtPEff?=E t Founrri; nH riREff cHfrNGEs I ./

---TIRTF INPUT C0HFLETE

Next the THoR sumary was printed consisting of 15 iterations, shown in
the following shortened form.

----THOE -!;UI. 'I ' IFR}'I IIIVOKEI| FT .REFRI6E IlO FOE I,IOI}EL .E[]ST

DOHVERGEHUE COHI] ITIT]N
LlltfiftElrlNS CtrN\rEeEEIl
t rB . I g [11YE CRITEPION UT tSsT ISF IE I I
FLL  : IPECIF IE I }  LTRITEPIF  s f fT I5F IET ,

LOEP NUI'IBER
uNKl'tOuH.t

HREF l
BREBE
RREF3

OE.JEI]T I VE
TOTFL .CT ]

EAUFLITY DONSTRITINTS
TOLITCHEE

OTHER VHRIBBLES
T F L U I D l
TFLU I ItE
TFLUI !3

h l I
ute
trlB

I:EST T
CEiTE
IosT3

T  I N I T I F L  ]

5 . 0 0 0 0 n 8 E + 0 1
5 . 0 0 0 0 0 0 E + 0 1
S . 0 0 0 0 0 1 1 E + 0 1

3 . 9 E 5 5 B l E + 0 0

- 1 . e 6 1 7 9 4 E + 0 1

I  .839-197E+01
- l . s 5 l B 0 6 E + 0 1
- 5 . 7 3 S e 0 6 E + 0 1

3 . t 6 0 6 0 3 E + 0 3
3 . 6 9 1 e 0 3 E + 0 A
3 . 4 8 6 4 0 0 E + 0 3
' . r .856739E-01
1 . 0 9 1 7 9 4 E + 0 0
I  . 9 0 8 1  l 3 E + 0 0

I

€, .  0l t  r10 0 0E+ 0l
5 . 3 9 9 1 6 e E + 0 1
5 .  l 3 9 4 6 S E + 0 1

4 . 0 4 ? t 3 0 E + 0 0

- t  . 1  0 0 0 9 1 E + 0 1

1 . 5 0 5 9 7 1 E + 0 1
-e .  lP9B84E+01
-S.899909E+01

3.4940e9E+09
3.635855E+09
3 . 7 7 0 0 a 5 E + 0 3
1 . 0 8 6 1 0 4 E + 0 0
I .0 ' t45f,6E+00
1 . 8 6 6 4 6 0 E + 0 0

e

7 . 0 f J 0 c t 0 0 E + 0 1
6 . 3 9 9 1 6 e E + 0 1
6 . 1 3 9 4 6 8 E + 0 1

4 . a 6 1 9 6 8 E + 0 0

-5 .97979eE+00

I .P:12965E1q1
- e . 5 4 4 7 9 1 8 + 0 1
- 6 . 4 0 e 1 e 1 8 + 0 t

3 . 7 6 7 0 1 5 E + 0 3
3.?77??6E+03
3.857330E+03
I  .  l 7 t 7 3 3 E + 0 0
t .  l555e9E+00
I .934706E+0ft
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LOOF HUTIEER
uNF.l{or^rtj:i

FFEI1I
HFEI]E
FEEfi3

BE._rg[:11'+E
TOTFTL.TO

EAUHL I T Y EETI.C TRF I TIT-C
TDUTEHEIJ

OTHEE VfrPIFELES
T F L U I I I
T F L U I D E
TFLU I I}3

lrl l
lrje
trlS

I : :OSTl
'_:O.STe
tlO:1Tt

LEOF l{l-lilEEE
ur{},::tioLIt{:i

i{EEl11

. FICEFE
FtFrErtS

EE.IEI::T I UE
TUTr iL . r : 0

E'lUtrL I T /'::nr.t:!TF,tl I fl I:l
T0UTtlHEt-:

T]THEFI VfrEI'1ELE:!
TFLU I I  I
TFLUI  DT
TFLU I D.?

h l l
lrle
tJ:-1

|]o:!T I
r::E:STe
I::EI::T?

--E]JII t]F LOOP ::;Ut1l',lFlF't'

T  I T i I T I F L  ]

5 . 0 0 0 L] fl 0E+ 0 I .-+ . (r L] 0 11 r_1 0E+ 0 t E . 75 fl 0 tr rlE+ 0 I
5 .  0 0 D r J t : ' f J E + 0 1 ' . l . e g i 1 . l 5 * E + t J t  t  .  0 l 4 g 4 b E + 0 e
5 .  0110 [ r . i l - rE+ tJ1  7 .?01 : : r " jEE+r I l  7 .67e41€ .E+01

.3 . '_11i55:3 I E+ 0 r_r 4 .54:3847E+ fJ 0 4 .5:3iE45E+ 0 tl

l 0

- 1 . e 8 1 7 9 4 E + r i 1

I . g:{'-1:3',?7E+ r:r1
- I . Lr5l E 0E.E+ rl t
-E .7:3111[6E+ D 1

:1 . l6 06 0:rE+ 0'_1
:- j .69 lEf : -+E+r1 ' ; l
:l . LrgS4 tr 0E+ 0:r
I . Bstsi; l '-?E- 'r 1
I . 0:{ I T34E+ tl r:r
t  . '3  0E 1 t : lE+ B r r

I  I T I I T I H L  ]

5 . 0 1 ' 0 n r - 1  u E + u l
5 . r:t f.r Lr t:t tl rJE+ ll I
5 . L] D U U [r LrE+ Lt I

3 .,. ir::55r1 I E+ r: ' r. l

- l  . Jh17 ' - l . lE+ r11

1 . E : : ' J ; l ! l E l t t
- I . E: 1 B rJt,E + I' I
-5 . 7ir3E fjEE+ r:r I

:.{ . 1t LrF-, 0:-:E+ '13
3 .F . ' - - { l  eU : : rE+U l
3 . ilEE,4 tr 0E+ rl:-j
' l . L1FE , I : 3 !E -u t

I . 0,1 I f .-148+ rJ 0
I ..-? rJB I l:jE+ t-l rl

-  I  . : : rEr09EE- 0:3

g . e64344E r rl f i
- : f  . : l :3 : i5c l lE+ 01
-6 . ' - i ! ' - rgb6E+ 01

4 .  1t35 f lEE+ [ '_1
4 . l 6 D f : { l E + 0 : l
'l . €,F,F, lE'_iE+ 0 _?
l . f , 0 F L ' l 4 t E + t l D
I .:31'-r4L]t:_,E+ t:l rJ
I . ' l  L-l= 3I BE+ 4 11

- I . eEEr 0'3bE- r13

L l . f , .  86 ! iE+ rJ0
-;:1 .:.{6 0415E+ 0l
-E .'-1'-i:'lEi I E+ rl I

. l  . l ::r 1 1:{ 0E+ 0:?
4 .eP . -? :145E+03
:l . E:J,:r3'.]hE+ 03
I . E9::{!: l: iE+ 0 tt
1 . . 14 ' -15?ZE+00
1 . .19 :37E0E+r l f l

l 5

E .:5 x r.J r:1 DE+ Lr I
t  .  I t  4 !4bF+ rJe
i . E l g l l J  l E + i r l

4  . 5 i 4 . r5 iE+  [0

- 1 . 4 h i ; E , 1 8 - ' t 4

' - i .b t - r i4 ' - l=E+t I
- : {  . 41  u4 l4E+  r l  I
-E . '3 ' j ' i !BSE+ rL 1

4 . t1::{'Ji5 f_rE+ rlr,l
4 . --{i Dil:?E+ u::{
'_? .58'l5 t EE+ 0::.{
1 .Er iL1 'Uj r jE+t : r f
l .  j ' - 1 [ 1 P b E + [ L l
1 . ',1iEE:--:4E+ 0 0

1 E

i l  . I g f5 i r r rE+ [ t  t
1 . L r i 1 l ? E E + 0 e
i .61c.4 , L-,E+ f:r I

4 .5E1:_: : i j4E+r: r  L l

- r . i 3 r r 4 + ? E - r ! 5

'i . iE:{3L1iJE+ r,1 tJ
- : :1  .+ lFJ: l i : lE lLr l
- ' :, . '-1:{:{. j9:::E+ 0l

4 . rlr i lF-.i iE+ 0:l
4 .::-l:jLl? fiiE+ t:r:r
.? .slt j lE l4E + B;l
l .E5?35EE+0r_ '
I  . : i ' l5E?4E+ 0 0
I . Br,'_16'-+ 1E+ 0 f:r

Next the AJAX surnnary was
profit from op.timLzaEion

yearly addedprinted followed by the display of the
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---F_lti:\ 5LrHl"trlp1,, li l irBli.ED fiy .|;:EFFtrSE

COI{\,EF:GENf, E CTTNII I T I EN
UT{HNO[.|H:1 CONVERGEI}
DOHSTPFTI{TS 5f i7 ISFIED
f rLL  SPECIFIED EFITERIF .RTISFIEI I

LOOP NUT'IEER I INITIRL ]
UNKNOITINS

I r r f r  FgFt  HEr 'EL .CASI

LOOP NUI.IEER I INITTFL ]
UHKTIOhINT:

RREF3
CIIHS:TRfrINTS

TtrUTEHEC
OTHER VFRIfrBLES

TFLU I TI I
TFLUINE
TFLUII}3

U I
b,e
rd3

ilosT 1
COSTE
EOST:3

IiRER3
t]ONSTRfr I NT:S

TTlLITCHEC
OTHER VfiRIHBLES

TFLU I I IT
TFLUIDE
TFLUIDS

lrr l
t Jg
U3

EO:ir I
cosTe
COST3

7 . 6 l a 4 t  0 E + 9 1

- 1 . 8 3 6 e 0 6 E + 0 1

5 . 0 0 [ 0 0 0 E + 0 1
5 . 0 0 0 0 0 0 E + 0 1

- 5 . 1 6 3 7 9 4 E + 0 1
0 .
0 .
I  .016379E+04
0 .
0 .
4 . 5 0 1 7 6 S E + 0 0

7 . 6 1 e 4 1 0 E + 0 1

- 1 . 8 3 6 e 0 € E + 0 t

5 . 0 0 0 C 0 0 E + 0 1
5 . 0 0 0 0 0 0 E + 0 1

-5 .  163794E+01
0 .
0 .
I  .0 t  6379E+04
0 .
0 .
4 . 5 0 1 P 5 3 E + 0 0

7 . 6 t e 4 l  0 E + 0 1

- 1 . 8 3 6 8 0 6 E + 0 r

5 . 0 0 0 0 0 0 E + 0 1
5 . 0 0 0 0 0 0 E + 0 1

- 5 . 1 6 3 7 9 4 E + 0 t
0 .
0 .
t . 0 1 6 3 7 9 E + 0 4
0 .
0 .
4 .50 t  763E+00

I .09494'-?E+0a

-4 . i144599E+00

5 . 0 0 0 0 0 0 8 + 0 1
5 . 0 0 0 0 0 0 E + 0 1

- 6 . 5 1 5 5 4 0 E + r l t
0 .
0 .
1 . 1 5 1 5 5 4 E + 0 4
0 .
0 .
5 . 1 e 7 0 P l E + 0 0

3

I  . E B t 3 e t E + 0 e

- e . 3 0 9 1 6 1 E - 0 e

F . 0 0 0 0 0 0 E + 0 t
5 . 0 0 0 0 0 0 E + 0 1

- 6 . 9 9 7 6 9 1 E + t ' t
0 .
0 .
I  .  l9?769E+04
0 .
0 .
5 . 3 6 5 0 5 4 8 + 0 0

5

I .e84475E+0A

-? .3470?9E-t I

5 .  0 0 0 0 0 0 E + 0 1
5 . 0 0 0 C r 0 0 E + Q t

- 7 . 0 0 0 0 0 0 E + 0 1
0 .
0 .
1 . e 0 0 0 0 0 E + 0 4
0 .
0 .
5.3FJ' .Je3gE+00

e

1 .a4g le6E+0a

- 7 . 1  t  I  t e T E - 0 1

5 . 0 0 0 0 0 0 E + 0 1
5 .  0 0 0 0 0 0 E + 0 t

-6 .9888898+01
0 .
0 .
I  .  I9E8B9E+04
0 .
0 .
5 . 3 : 3 0 1 5 3 E + 0 0

4

1 .eB?473E+0e

-e.6579a9E-05

5 . 0 0 0 0 0 0 E + 0 1
5 . 0 0 0 0 0 0 E + 0 1

-6 .9ir'.1997E+ 0 t
0 ,
0 .
I  . a 0 0 0 0 0 E + 0 4
0 .
0 .
5 . 3 6 6 e 3 1 E + 0 0

LOEP HUHBER I  IN IT IRL ]
UIJHNOIJH:T

RREFS
COH-qTPFINTS

TOUTCHEE
CITHE? VRRIflELES

T F L U I D T
TFLUIDE
TFLUIT'3

lr, I
UA
k'3

cosTt
COSTE
DEST3

---END OF LCIOP SU].1I'IffFY
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APPTICATION PROBLEM 7-5

OPTIMAL INVESTMEM PORTFOLIO SELECTION

An investor has an amount he wlshes to lnvest. There are available n
activi t les ln whlch he may i .nvest any amount. The returns ( lnterest, dividend,
etc.) fron lhe investments dlf fer. Some consistently pay a reasonable return,
o thers  fLuc tua te  w ide ly .  Data .are  ava l lab le  fo r  the  pas t  m per iods .  Le t
h1. denote the return per dol lar invested in the j th act ivi ty in the i th
p e f i o d  ( i = l r . . . r r n i  j = 1 r . . . r n ) .  T h e  i n v e s t o r  w i s h e s  t o  i n v e s t  h i s  n o n e y  i n  t h e
various actlvi t ies i .n such amounts as to achleve at least a cert,aln rate of
return, rmin, and in some instances he would like to specify minimum investment
levels for certain activi t ies.

Assuming that condit ions do not change; that is, on the average the pattern of
returns that existed in the past can be expected to continue, thj-s problem can
be posed as a const.rained optlmizatlon probl-em t5 choose the investment

P e r c e n t a g e s  P l , . . . , P n  t o  n l n l m l z e

RrsK(pr,...,P,,) = 
E f,nnnr.n,

subJect, to the constraints

(.j - t3rirr)

(n3 - n5rrrr)

where r. = return on i.nvestroent j
J

.,:=# E,nn,
- hj) (hkj -

*t.,,h . =
J

The PROSE program for this problem is designed to operate interactiveJ.y to
al low an investor to select his investment percenlages by a conversational
dialog. The fol lowing dial-og i l lustrates the use of the program.

- -- - FE'5 I T{TI I T{L; FF|EGF:FI'I E i{EI:LIT I O].I

:IIJPPLY I NVE:iTl' lEHT
EI{PLFTTFTIOII  OF THE

-.- - ITITERHI]T SUERY

.EXFLRIN

.E}IPLHIN

> 0- l

,  o  f  
j=1" " 'o

I IHTf i  FT{T'  FHt i t - i ' : r IE LRITEF:IF.  FEFI I1I . I
HELIE::i:;t iRY IltFl_lT I FIE:j iF,Of{Ir r, lITH .EiiPLBIlt

T .SETPROE : ? e 0 l
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----EXECUTIEH l1:- i InE T0 BLOCF. .EXPLFIN

THIS PRO6FFI '4 CIILDULfrTE\]  THE HININUI' I  RIS:F TIISTEIBUTION
OF INVESTI'IENT]: IiHII:H GUFTRFINTEE:{ tl GI,dEN FETURH.
THE FOLLELIINfi DffTF T'II.IST BE INPI-IT

HUl'lIl l '/ = l ' lUl'tSER OF INVESTI'|ENT FLTEFIIffTMS (FIIH e)
N'/ERRS = NLll,lFER OF YERRS FOR hIHIEH YIELDS FFE t:.NOtJN

':OFI THESE ITIVESTT.IENTS (I ' I IN 5).  \ , IELDS BPE
THE TOTRL PERCENTBGE RETURNS: ON C}iPITFL.

HI:STORY = VFI-UES OF YIELDS FOR FLL INVESTHENTS.
6IVE THOSE FOR HLTERNFTIVE ONEr FOLLOhJEI)
BY THE HEXT f iLTERNF{TMI ETC. (TOTRL OF
HUI'ItrNVONYEFPS VFLUES)

l ' l I f tRET s t i : i , I l lut t  PERCENTFEE RETUPN F'.EAUIRED
i'!INPCT - I'tlHlllUl,l INVESTI.IENT P€RCENTFITTE'.! FOF EFCH

f iLTERHf fT IVE.  (THIS I i IPUT IS  OPTIEN| {LT
zERtl  Is Fssut ' tEn.)

t tFTER PERFORI'4INE R PORTFOLIO FNRLYSIST YOU HFy
REPEBT IT FDR THE SRI' IE PORTFOLIO BY SII , IPL' /  6IVIN6
HEhI VFLUES FOF; T4INRET HND,.OF ] ' I INPCT. IF THE
PTIRTFOLIO CHHHL:ESI HOITIEVERI YOU I-IU:T 6IVE }ILL TTF
THE lFITfl ONEE FGffIN. THE VBLUES gF ilUi'II}tV HHD
NYEffRS I'IUST EE 6IVEN SEFORE THE gTHER DFTfi.

----RETURNING FROII .EXPLRINT EOftTINUING INPUT
'? ttUl,lINV=4 NYEHRS:S
) FiUl'IINV=4 NYERPSqS
?  H I S T O R Y = 6  6 . 5  7  5  B r  l 0  9 . 8  t : i  I  l t r  t 9  1 3  E  t t  L ? t  3  0  6 . 5  S  g
)  H I g T O R f i 6  6 , 5  7  5  8 1  1 0  9 . 6  1 3  I  l t r  t 9  l B  B  t l  l ? r  3  0  6 . 8  g  I
? f' lItlRET=l02
) l,l I NRET= I 0u

.-_-DRTF INPUT COIIPLETE

f l  RETURN OF TO.OO PERCENT h I ITH FISH FFCTOR T.gE+OO
IS CfiLCULffTEI' FOR THE FOLLOI/IN6 BLLOCFTION

INVESTI'IENT I 8A.99 PERCENT
INVESTI'IENT E 6O. OO PERCEHT
IHVESTTTEHT 3  I7 .OI  PERCENT
IHVESTJ.IEHI 4 .OO PERCENT

SL,'FFi-'i IHvESTi'4EhtT DfrTF FIND FNHLYSIS L:RITEPIfl. FtrR BN
E'i f .Lf i i {RTIOIi  OF THE HECES$}iEY IHPUTI EESP0HII I ' ITH .EXPLI1IN

-*-- :FITERfft ]T QUERY r .SETPROE 3EO]

?  F , I INRET=I0  i | INPCT-O l0  0  a0 / '
)  t ' f  INRET=I0 t ' l l l ' IPCT-O l0 0 ?0/

---.I}FITI1 INPUT CIIT.IPLETE
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f l 0
l' r:l

:

f f  PETI- IF1{  oF l l t .ur l  F€FICjENT t r t ITH FI : j : t :  F l l tTOFr E.nE+rJ i l
I5 T.:FILI]I-ILIITETI FOE THE FOLLOhJI116 }iLLOI::FTIOTI

IN\JEI :T i . IEHT I  - .0 'J  PEEf,EI IT
INUE: iTI .1EI1T E 54.Ti  PEETEIIT
ITIVEITHENT : : {  E5.T: ]  FEFIT.EFIT
I} IUE:ITHEIIT 4 CU. TIU FEFJI :ET{T

:ILIFFL'I ' I NVEI.TIIEHT IITTTH FIFIII HTIHL'I ':: I: i  I::E I TEF'I F . FOFJ Ht1
E}iPLR}IFITIOIt OF THE IIEI::E::JTffF"J' ITIFI-IT. EE:::FE:TITJ I,IITH .ET:FLFIN

--- . I I . ITEEFI- :T FUEFJI '  C . : iETFFOF : ]CU ]

l.tIf lEET=15 1.1 It lPrlT=r-1 0
t { INFIET=tF l . l InPr lT=r : r  t l

- -_- I 'HTF INFUT i -DT' IFLETE

l , l I r { l l1 l_1l ,1 F|ETUFjH ( .  1 : .0 i l . i  E i i r :EEIr i ;  THE I ' l i l i : I l ' ] i_r l - r  FE' i : ! IELE ' : ,  1 : : r  .ELl  I
EEIIEF II{E I 'IIT{FJET NTIII. 'OF' I ' l ITiF'IT

---- I r ' lTEFlltr:T fi l- lEsr\' [ .:IETFF.OE ::] u l

i  g I I.{FIET= I ::.r .E,.,
. ,  f , t l l t F E T = l i . i . .

----IrrlTH Il{Fl-lT L:Ot' lFLETE

B  F I E T I - | F ; f ' 1  B F  1 r : r . E u  F E F : | - - E f l T  l , i  i T H  F I i t , F r i r : T 0 F ' : . r J E + r : r  1
J: : i  I :FL| I - ILHTETI FT]FJ THE FOLLOI, I IHI :  HI*LIJI :HTIOTi  . .  r

I f . { . ; ,E! .THEr{T I  ___ i r  .  r t r . r  FEFr_Et tT
Il{rl,E.lTl ' lEflT e -. r,-t r_r FEFjr:Et{T
I1 l iE iT t ' tE t {T  J  ___  tu r r . r : r  r t  FEF I I :E t {T
I f{ 'r iE iTl, lEliT 4 -- u r:r F EF:r:EftT

: . | _ IFFLT  I t { r iE : :T l . lEHT  i rF rH  Hr { r i  H i {HL ' i ' l I i  r _F I ITFF :  IH .  F0F  H l ' r
E: . iFLHI{HI I t r l l  EF THE f ' tEr : .E: : : t lF: i '  I i {F l - l  f  r  F:EiF 'Ut{ I i  L I ITH .E: . :PLFI t i

- --- I  l lTEFlr ir : :T t-. lUEFiT t .  iETFF:OE _:r i  i l  l

i r.-tl-i I T
, ' r : l l _ l I T

----El ' iELl- ' |TIOt{ ; : :TCFFEIT E' i '  IrxTn I l ' {Ft- ' l -
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slnce this progr€rm was wrltten for an j-nvestor who may not be cognizant of
computers, its deslgn is such that an explanatlon of the use of the program
is given, and nani.pulatlon of lnput and output ls performed to slnplify-usage.

The problen block for the prograrn .INVEST

I O ] PRDELEI"4 . I HVEST C PERFOF.I'IS PT]RTFOL IO FI{FLY5I S 1
eol  : - IELECT TTY OUTPUT
3 0 ]  E H E f , U T E . I H I T I R L
4 tr I $S EHEI:IJTE . TiETPPOE
50 ]  EHECUTE .OFT I I ' , t
60 I  ' jO  TO :SS
7 f i  I  EHn  t  . I l t uEST  l

sinply init ial izes the problen by executing
repeatedly executes the procedures .SETpROB
terminates execution.

procedure .INITIAL, then
.OPTII4 untll the user

the
and

The procedure . INITIAL imposes control variables for the

EO ]  PRBCENIJPE . IH IT IF IL  I  SETS I JP  IHLT IRL  IEFT ION ]
90I  I ] , tPt r : rE .EOHTREL

t00l  r - lONTF' t rLLER . r : :Ot iTROL FOF THUR TSETS: SOL,/ER CDNTROLSI
1101  DETBIL= i  : - t J l ' tOUT= l  t tF : { tT=50
leoI  El l I '  t  .CUNTROL l
130]  EHFIELE . I . ILLOL: ON NUI, I I I IV GT O EF HYEf iRS ET U
I4O ]  INTERFUPT .RLLBI]  T DYNFI1IC RLLOCRTION ]
150I  IF TfUI , I INVoHTERF'S EO 0 r  El i I  T '
16 (r I ]- i=NUH I HV H=N"iE8ES Nl,t 1=N- I
170 ]  IF  N  LT  E  OE N I  LT  5  THEN
1e0 l  TEXI  PRINT  'FH I ILTY  I I IPUT  . . .  HUI . I INV  OR NYEFR: j  IS  TOO : ! nRLL"
t 9 0 1  e u I T
e00I  ' ILOSE
el0l  NUI' I INV=0 N'.r ,EHFS=0ge0I  HLLor  HIs rCIRY( l ' ' l rN)  rE tn  rN)  r r r  tN  r r - { )  rRETI r . r , r ' (N)  r f i , , /6 (N)  r  INdEST( t t )e30I  f rLLor  l { IF lvE: iT r ;N l  TPER|ENTST.N)  rF INpf ,T(N)  rsER(H)  ry IELD: . { :M)e40 l  FLLOT PRDFS{Nt ' l t ) rE f tD( .Nf l1 )
e 5 0 I  B N I r = . p O S ( l )
E6O] END T .FLLoc: ]
E ? O ]  E N I }  t  . I N I T I B L  I

solver THOR, then enables a trap, uslng the interrupt, block .ALIoc to
dynanlcally allocate storage for the problen 

"rr"ys, 
whenever their

dimensions are obtained from user input.

The procedure .SETPROB, sets up the problem by corrmrunicating lr l th the user,
then test ing the userts input, for feaslbi l i ty of solut ion,
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EBO] FREEEDURE .SETPROE tDEFIf lET IHVE.ITI ' IENT PROEI-EFI ]
Egf iT TEHT PRINT 'SUFPLY IH\ IE ' - iTI , IENT DfrTfr  I ]NN f i f l f iLYs: I : i  I :RITERIF.  FoR RN' I
30l l l  .TF8(t )  T"EHPLFHf lTIO| I  0F THE t {Ef ,E5: iHE\ ' '  IF |PUTT RESPEI iD t r r ITH '  ,' 1 1 0 1  ' . E ) l P L F I l t .
:3ED 1 II lTEPfrCT
;?301 FUR I  = I  TU H DB
340  ]  f  IEL I I : I = .EO:SEL(H IsT t rEY  I  I  )
: 150 I  FVE{  I  )= . : i I 6 l ' t F (Y IE l f i : j )  / i ' l
3 b 0 l  F E R  . - l  =  I  T 0  F t r  E ( J r I ) = f I E L D _ I ; ( - t j - F U E ( : I )
370 ]  EEPERT
:34 [  I  r ] = .TPRED(E  rE  i
. 190 I  C=  . I r IV ( r l :  r I l -  l  )
.10 0 M8= . RFll lH (. HVE )
4 1 0 I  | ' I H H E E T = 0  T = !
4e0l  FI ]R I  = I  T0 f lHl  t 'O
4: i0I  . - l= : !EF(: I  )
,44r11 T=T+HI l {Pr l :T( ._t i
450I  FtFt{EET=t ' tHHF.ET+Ft; f ( . , t )or . t I f jpr :T(J)
460 ]  REPEHT
470 I  - l = . rEQtH)
480  I  I ' I FHPET=0 .  0 to { :H t i l {EET+F IVL ; ( . J i o (  I  0 t ' -T i  }
4. ] fJ ]  IF 1 ' I IHRET I ;T I ' IFI iRET THEH
5N(I ] I l I: iPLIl ' t '  1'IITiFJET IHFI}iF:ET IN
5 l l J l  iH I t l I t ' l u l ' l  F :ET |_ |RH {+oo . . . )  E : . : iEEn I  THE HRf i I I IUN PO: t : i IBLE  (oo . ,+o r
5E O ] 'REI]EF 

I TIE I'I I HEET IiNTI .'OR I.I I NFL1T
530 ] IT{TERBI::T
54 0 I ' ILO:IE
5501  FOF i  I  =  1  TU  t l t t l r  FeoP : i r . I i = l t I f ' l F r : :T i . I . 1
56[1 Ef l t r  t  . ; tETPREII  ]

enabling hl9 to change input if necessary.

The procgdure .OPTIM finds the optimum investment percentages and

5TO ]  PF: t rL-ENUEE .OT,TI I ' I  i  FINN: i  EFTIHI . I I ' I  I } I \ IE: iTFIENT ]
5LlTI ]  FIHt '  FEBF: i  I I I  .FOF.:TFt ]L F ' r  THOE
590I  l , l ITH BOUrI [ : i  EHf t  F l t t r  ]  I I ITH FLFTL;  TEST
6OO ]  EEFORTII {6 F jETI . IEI{  IFIETI I IV
6 t 0 l  H O L I T I H F  F E T L I I ' l r t l I f t V E S T  T O  H I H I I . I I f E  E I E t " :
6EO] IF TE1T TtE i : I
F.::{f l ] THEH TEIiT PEITIT , IIIVE:]T1'IEHT r-iOItL I: i i  UI.TfiTTFIIIHFLE . . . IORRY'
b4 0 I ELriE Ir I.::FLri'r' F.:ETUEr{ r F: I :ilrt I f{
6FO]  .F I  EETUETI  OF  Ooo .oo  FER| :EHT I I I JTH E I : {F '  FF IL - :TEE o .oEooo ' r
h6I] ] '  I:; I:FL'-]ULFTE[' trOF, THE F0LLT]Id I rIF HLL0TFT I OIl
F ,7 [ ]  FEF . :  I  =  I  TD  t { r  D I IPLF IY  I rFEF : r : :ENT : : r : I )  I f l
EE 0 I  J  H?E_f ;TI{EH T oo o.+ .  o+ FERC:EHT -
6'.1fl I I:LU:;E
7 0 0  I  E H t r  t  , 0 F T I H  l

pr in ts  the resr i l ts ,  i f  the investment  goal  is  at ta inable,  or  pr in ts
a ttmessage of regret" other\^rj.se.
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Ttre optrnlzattotr nodel ls glven ln the nodel block .PORTFOL.

7IO]  HI ] I IEL .POFTFOL IPORTFOLIO I ' IOI}EL1
7EO]  FOP I  =  T  TE  } IH I I  PEFEENT: i ( I }=PROP- t ( : I )
730  I  PERI IENTS( :N != t  0 r r - . I I L iH l l (PROF: ! )
?40 I  RET INV= . l ' f l - lL  r :HVG rPEP|-EHTS; '
? 5 0 I  E E T I H V = . l . t U L r : R E T I H V r 0 . 0 1 )
?5 O ] EETURH= ..:i I6Hff { FIET I !.{\,| }
770 ]  RETLI I ' , I=PETUFN-FI INEET t  I , I IN RETUFN ' ]OH::TRRI} iT ]
?E0l  l ' l lNUE:fT=. : ! .UF(FERfEl lT! rHINFl lT}  t l ' l Ih l  I l '1" /E: iTt ' IENT l lo l ' lsTRl t INTSl
i 3 0 I  R I S l c , = 0
E r _ r t r l  F O R I = t T O H I T O
Bt  0 I  FUE . J  =  I  TO l l :  R IS l i =E I . iH+FERCEI {T : ! t . I  ) tPE?r - :ENT: i ( . J ) cC(  I  r J }
82Tt ] REPEfrT
B : 3 0 I  F t I I H = F : I X f , . E . u 0 t J l
S4O J ENI T .PtrETFOL ]

The explanatlon of progra[ usage ls prlnted whenever the user executea the
procedure .EIPLAIN fron TlY lnput.

B=rr l
8 6 0 l
:s7t7
E E O  ]
8'-? u l
'l ':' 0
' l l  t l
? E N
'-l'3 rl
84f i
'-15lj

'-16ll l
' 1 7 0 l
t B 0  l
'_f 3 r't l

1 0 0 0 1
l 0 r f i l
t  0err l
1 0 - l g 1

0 4 0 l
0 5 0 l
0 6 0 1
0 7 0 l

.  TBB{4 . r  r  '

. T R E i : 4 i  r '

. T H E {  S i  r '

. T H F 1 3 , . :

. TFIE ( 3.t r

.TFB t .4 ; ,  r

.THPr :4 : ,  r

PEOI]:ETII-IFE .EXPLRIN I L;J\IE'] R IlFTtl II ' IPIJT TIETiCEIFTIgtt ]
TE: ' :T PRIHT.THI: . ' . .  PROEtrFI ' t  ' : :RLI I - ILFTE,: .  THE I I IHI I ' IUI ' I  RI . i I I :  PI5 lRIBUTIOIt '

.TFB( I )  I  OF ITIT/ESTHEIITS IdHIL]H I5I - IHFFNTEET f i  L i IVEH RETURN. '  r

.TFlBr  l )  
"THE 

FELLtrT, l IHG t rFTr l  ly f r_t : : :T EE INPUT r  r  r . "  t
.Tf fE( :4. I  I ' I IUI ' I I I I1 I  = I IUF1EEE OF IHUE: iTFIENT FLTERTII ]TIVES ( I "4IT{  E)  '  I
.THE(4i  I , I {YEfrF ' : :  = ITUHBEF OF 

' t 'EFF-<;  FOF'  hIHI f ,H ' i ' IELDS FIRE KNOITI I { "  I

.TF IF (3 ]  r 'H I ITEF . : I  =  VFLUE ' i  OF  T IELD: :  FOF:  t i LL  INVESTI . IENTS. '  r

FOP THE: iE INVE:!TI ' IENT:J 1: I ' I I I I  5) .  YIELDS t IRE'  I
THE TOTFL FEPTJEI{TFEE RETUFN:S OI l  CHPITFL. , ' I

' ! IVE THOE:E FOF RLTERtt f rTIVE ONEr FOLLOITIEI I ' '  r
EY THE r lE:{T HLTEPHFTI ' /Er  ETl l .  (TOTffL OF'  r
I1I-II.IINVONI'EFC5 VfrLUES) ' I

F tLTERNf rT IUE.  S ITHI :S  INPUT I$  OPTIT ]HFL  I
ZEEO IS Fl_ist_ltrtElr, I '

.THE(.4: .  t . , I .1 IF{PET = r { IHIr . {UI , l  FEEEEHT}IEE RETIJPN REC.TUIFETI,  I

.TBB(:4: '  s  l . l InFr jT = I t I I t IHUH IFf , , rEITI . lEFlT pERt-El" lTf f6ES FCF EREH'r

TEHT PRII lT 'RFTER FEF:FOFI ' . I IN6 i I  POETFOLIE f rHFL' I ' : ! ; ISI  ' fOU I" t f IY ' r
.T f fE (1 )  r 'REFEHT IT  FOE THE 58nE  PORTFOLIO ET  :S I I IPLY  6 tV lN6 .  r
.TREi :  I  i  I  .TIEI ' !  VITLUES Ft lE HIHF'ET EHIITOE 1 '4ITIFET .  IF THE'  r
.TRF( 1)  r 'FORTFIILIO I :HRNEE:!  r  HOITIEVER r  YBU t ' lUST 6IVE f iLL BF'  r
.TRE( 1)  I , .THE T' f iTF OH' jE REII IN.  THE VFLUE::  DF NIJI ' I INV RND, I
.TFE{ I ) I ,F IYERRS I4U :T  EE  G IVEI I  FEFORE THE OTHEF D f lTR . '

EN I I  T  .EXPLR 'N ]
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APPLICATIO$I PROBLIM 7-6

CoMPA.RISOT{ oF soLvERs dJUf, ZEUS, THOR

Problem Statement

The following problem was posed by D. M. HirnrnelblaLl for use i-n comparing
constrained optinization techniques.

5
Find x,y to m.ximize f = I f i

i=I

subject to g1 ry - 700 2 O

e2 = 75-x> O

8 t : 6 5 - Y >  O

84=v -? tL2s>o
t  - ^ , t  -

C 5  =  ( y - 5 0 ) ' -  5 x  +  2 7 5 >  0

where

= 75.L9636677 - 3.8LL2755343x + 0.12693366345x2 - 0.0020567565x3

= 1.0345 x 19-5*4 -  6.83065676L3y + 0.0302344793xy -  0 .oor28L3448x2y

= 3.52559 '  16-5x3y -  2.266 x 19-7*4,  + 0.256458L253y2

-3 .460411  x  10 -3y2

= 1.35139 x 1o-5y4 -  2 l . to64434gol /1y+1) -  5.2375 ,  Lo-6*2y2

= - 6.3 * 1o-9*3y2 + 7 x 10-tox3y3 + 3.405462 , ro-4*y2

= -  1.6638 x l0-6*y3 -  2.8673LL2392 exp ( .0005xy)

The function has a peak and a saddle point within range of the start ing point
fo r  the  cons t ra ined op t im iza t ion ,  wh ich  is  the  nonfeas ib le  po in t  [90 ,10 ] .  The
feas ib le  so lu t ion  is  the  junc t ion  o f  cons t ra in ts  g ,  and g"  aE the  po in t

175,651,  where  the  ob jec t ive  func t ion  has  the  va lu6  58 .903436.

Wr j -E .e  a  p rogram wh ich  employs  the  so lvers  J0VE,  ZEUS,  and TH0R in  success ion
to  so lve  rh is  p rob lem.  Use the  page p lo t  u t i l i t y  (Sec t ion  8 .9  o f  the  pROSE
Procedure l" lanual) to plot the progress of the search process of each solver.

rHimnelblau, 
David

I97  2 .
M., Applied i{onl inear Prograrnming, McGraw-Hil l  Book Company,

' l
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Discussion of Results

The ou tpu t  o f  the  above progran cons is ts  o f  sumary  pr in ts  (F igures  7-1A,C 'E)

and pagl plots (Ftgrrr"" i- lg,D,F) corresponding to the three FIt ' lD statements

in Ine-.COMPARE Ufoct. As ind.icated in the sumary prings' al l  three solvers

converged to the constrained maximum to within al lowable tolerances. The

".r*". !  
pr ints of J0VE and ZEUS show the sequence of unconstrained maxi-na only'

Thus they do not correspond point by point with the page p.lots, which ref lect

each execution of the rnodel i fo"t .kA. A comparison of the page plot of J0VE

(Figure 7-1B) wit ir  that of ZEUS (Figure 7-1D) shows that JoVE takes fereer

"t" is 
tn".,  Z-LUS ana these steps are somewhat larger in general.  This rnay be

attr ibuted to the use of the second order, Nel^tton stepping process.

The THOR search in this problen exhibits steps comParable to J0VE, however

th is  i s  ma in ly  a t r r ibu tab le  to  the  s ize  o f  the  bounds spec i f ied  fo r  THOR'  The

sunmary print for TH0R corresponds exactly to the page pl-ot,  indicating only

the 16 poirrt" necessary for convergence. This compares with several hundred

poi" i" ior both JQVE and ZEUS. Although each point represents an execution of

the uodel .HB for al l  three solvers, most of the model executions by JTJVE and

ZEUS do not involve the computatj .on of derivatives, whereas every execution by

TH0R evaluates gradients in the nodel.

In general,  JUVE and ZEUS are effect lve for a broader range of Problems than

THUI ,  par t i cu la r ly  i f  the  prob lems have pa tho log ica l  p roPer t ies .  Th is - is

i l lus t ra ted  by  add ing  the  consEra in t  gA =  x  -  54  >  0  to  rhe  above prob lem'

Th is  cons t ra in t  p laces  a  nar row cons t rYc t ion  in  the  feas ib le  reg j 'on  tha t  must

be traversed in order to reach the optimum point. Figures 7-ZL,B, and C show

rhe per fo rmance o f  JQVE,  ZEUS,  and TH0R respec t iveLy ,  fo r  th is  nod i f ied

prob ien .  Borh  J0vE and ZEUS were  ab le  to  so lve  the  prob lem wi th  no  d i f f i cu l ty '

THOR, hot.ver, was unable to pass through the narrow gap, a1d^lchieved.

prerurEure convergence at the neck. Sone adjustment of t tre THoR controls might

pern i t  i t  to  so lve  th is  p rob len ;  bu t  in  any  Prac t ica l  app l i ca t ion ,  a  be t te r

course is Eo switch to one of the more Powerful techniques '
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LINEAR PROGRAFI|VIING
PROSE can be used to solve large scale integer and nixed lnteger l inear prograu-
ming problems. These problems, which may conslst of thousands of independent
variables, may be solved with much l-ess effort with PROSE than ls required by any
other  solut ion approach current ly  avai lable.  Wi thout  PROSE, i t  is  necessary E.o
transform the industrial LP optimization problem lnto the l inear mathematical
form. This tedlous and error prone process ls completely unnecessary with PROSE.
The problen is deftned in a stralghtforward nanner whlch i.s an extension of how
i t  miSht  be expressed on paper or  verbal ly  descr ibed.  I t  is  not  necessary to
extract  l lnear  coef f ic ients and organlze them ln an t t lP-speci f ic  formatrr  as ls
the case wlth other solution approaches..

The special capabil it les of PROSE for l inear progranming lnclude:

(1) Integer and Mixed lnteger Programming--Any or all of the independent
vari.ables may be restricted to integer val-ues, and ln fact, even to a
l imi ted subset  of  the in tegers

(2)  Discrete Object ives -  The object ive funct io t r  may be l iml ted to in tegra l
values.

(3) Zero-One Programming--The speclal case of lnteger programming ln which
all variables take on only the values zero and one can be handled.
The classical assignment probl-em is a case in point.

(4) Restart Feature--A checkpoint may be requested on any premature
termination. The problem may then be eompleted fron thls point without
repeaElng previous calculat ions.

(5) Problenr Si-ze Control--Several techniques are used to permit very large
problems to be solved. There is no predefined lirnit on the number of
variable or equaEions.

The general FIIID'staEement is

FIND <UNKNOWNS> IN <MODEL> BY HERCULES
UNDER <CONTROLLER>
HOLDING < INEQUALIT IES>
MATCHING <EQUALIT IES>
UPPERS <HIGHLIMITS>
DISCRETES <STEPS>
FLAG <FLAG>

TO MIN IMIZE /MAXIMIZE  <OBJECTIVE>

An example of the use of PROSE for solving a mixed-integer problem is:

Using the tabular input data, f ind the least expenslve feed blend whlch
sat is f ies the g lven restr ic t ions.

Analysis

Ingredient Protein Fat

Screenings

Barley

Corn

Sal t

0 .  1 3 0

0 . 1 1 5

0 . 0 8 6

0 . 0 3 0

0 . 0 2 0

0 . 0 3 8

F I R

0 . 0 7 0

0 . 0 6 0

0 . 0 2 5

cosr/  lb

$ 0 . 0 2 2

o . 0 2 5

0 . 0 2 8

0 . 0 1 1
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Restr lct lons

(a) Total  weighr of blend = 2000 lb

(b) Total protein greeter than or equal to 200 lb
(c) Totel fat greater than or equal to 54 lb
(d) Total fibre Less rhan or equal to 90 lb

(e) Anount of corn between 400 and lO00 lb
(f) llelght of salt used = 5 lb

(g) Barley and corn can only be purchased in 50 lb lots.

The PROSE program is:

PR0BLEl,,l . BLEND2
SALT=5 BARLEY=500 C0RN=9C0 SCREENS=595
LIMITS=. DATA( 50, 50,0 )
FIND BARLEY,CORN,SCREENS IN .MIX BY HERCULES hIITH DISCRETE LIMITS

HOLDING PROTEN,FAT,FIBRE,CORNLOW,CORNHIGH AND MATCHING hlEIGHT
TO MINIMIZE COST

END

]YIODEL .MIX
I,lE I GHT=BARL EY+CORN+SCREENS+SALT- 2000
PROTEIN=0. I I 5*BARLEY+0. 086*C0RN+O. I 3*SCREENS-200' 
FAT=0. O2*BARL EY+Q.038*C0RN+0 . 03*SCREENS-54
F I BRE=90-0. 06*BARL EY-0 . 025*C0RN-0 . 07*SCREENS
C0RNL0l,l=CORN-400
C0RNHIGH=l 000-C0RN
C0ST=0 . 02s*BARLEY+o. 028*C0RN+0 . 022*SCREENS+o.01 I *SALT

END

8-2



STRUCTURED CALCULUS PROGM|V|S

There are no unique statenents in PROSE for the specif icat lon of conpound
calculus processes. Instead, the PROSE calculus staternents are used ln suitable
combinatlons. There are two uays in which thls is done; the processes may be

sequential -  where each process bul lds upon the solut iori  of i ts predecessor,

nested

or

- where each step of a process enploys a complete solutLon of a
subsldiary process

In general,  any mlxture of processes, ln sequences or in nests, is al lowed.

Sone applicatlons of combined processes are:

(a) Error Propagation. Sensit ivi ty Analysis

Primary Process - Part ial  Derivative Evaluation

(ExEcurE wr'* lfiffiliill'1,
Nested Process - Ordinary Dlfferentlal Equations

(INITIATE. . . INTEGMTE)

(b) Implici t  Dif ferentlal EquatLons

Prinary Process - Ordinary Dlfferential Equations
(INITIATE. .  .  INTEGMTE)

Nested Process - Optirnlzation (General- Algebralc Equatlons)
( F r N D . . . T O  M A T C H . . . )

(c) Boundary Value Problens

Prinary Process - Optinlzation (General Algebraic Equations)
( F r M . . . T O  M A T C H . . . )

.  Nested Process - Ordinary Differentlal Equatlons
(INITIATE. .  .  INTEGMTE)

Process Identi f  lcat ion

primary process - optlnlzarion (FrND...* 
Iiltr|}I}El 

. ,

Nested Process - Ordinary Differential Equations
(INITIATE. .  .  INTEGMTE)

Optlnal Design and Control Problens

primary process - oprimizatton (FrM...- 
l i lfrl i l lt i l 

...)

Nested Process - Optimization (General Algebralc Equations)
( r r N D . . . T O  M A T C H . . . )

Subnested Process - Ordinary Differential Equations
(INITIATE. . . INTEGMTE)

Mul t l s tage Opt in iza t ion

predecessor process - optinizarion (FrND...* l i l f i l i l i l l l ,
successor process - oprirnization (FrND...t. 

l i l f i l i l l i | l ,

( d )

( e )

( f )
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PROSE
MANUAIS

PROSE
SEMINARS

FOR FURTHER INFORIV|ATI0N

rf you have any questl-ons concerning PROsE please phone Bob stark or
Joe Thames (213)64L-4o9L, or wrlre PRosE, rnc.,  8616 La Ti jera Blvd.,
Los Angeles'  Cal i fornla 90045. tr ' le are here to help. Any requests, quest ions,
success stor ies or di f f lcul t les wi l l  be welcome.

This General Information Manual- presents but a glinpse of the features and
benefi.ts available to users of the PROSE general purpose scientlfic program-
ming language. Hopefully, it has demonstrated that for a wide varlety of
scient i f ic problerns, the best way ls with pROSE.

A conplete set of  nenq4ls descr ibing the detai ls of the PROSE language include:

$4.9sP&OSE Procedure Manual - L47 pages

This mrnual describes the general-purpose (procedural) portion of the
PROSE language.

PROSE Calculus Operations P1anual - 155 p:ages $3.95

Ttris manual describes the calculus portion of the PROSE language.

PROSE Calculus Appli-catlons Guide - J-75 pages $4.95

This guide is deslgned to serve as an lnstructional aid and reference
handbook. An extensive repertoire of appllcation problens (over 30
worked problens and their PROSE programs) is provided enabling one who
is trnfaniliar to learn by exarrple, without extensive study.

PROSE Batch Svsten Gulde - 48 pages $2 .95

These manuals can be obtained frour PROSE, Lnc. (an order form is enclosed)
or from your local ISD sales off ice.

PROSE semlnars are given throughout the Unlted States. These seminars cover
a wlde var iety of toplcs and specif lc appl- fcat ions for PROSE. A br ief
description of some of the seminars offered during the past year is given
below. If you wish to be notified of Ehe next PROSE seminar scheduled for
your area please notify PR0SE, Inc. (The enclosed order form can be used
for this purpose.) Seninars on special  topics can be arranged, and interested
groups are also urged to contact PROSE, Inc.

l 0 - l



INTRODUCTION To PRoSE (3 hrs.)

General overview of the PROSE general-purPose progranuing system.
This senoinar is i.ntended to introduce the concepts of PROSE' and
also to rev iew general  character is t ics and potent ia l  areas of  ap-
p l icat ion.  The procedural  aspects wi l l  be presented.  The i rnpact
of  having a general -purpose language that  can automat ica l ly  generate

analyt ic  va lues of  par t ia l  der ivat ives and ProPagate these values '
through any sequence of  a lgebraic ,  d i f ferent ia l  or  in tegra l  equat ions
is  d iscussed.  Learn vhy PROSE is  caf led a calculus- level  language
and how PROSE may be easi ly  used to solve sophist , icated calculus
probleus without requiring the user to be an exPerr, in numerical
analys is .  Presentat i .on of  the s imple calculus scatet rents that  a l low
1) the evaluat ion of  def in i te  in tegra ls  by a var iety  of  quadrature

nethods,  2)  the evaluat ion of  under- ,  over- ,  or  detern ined systems
of  equat ions,  3)  the solut ion of  systems of  ord inary d i f ferent ia l
equat ions,  and 4)  the solut ion of  l inear  or  nonl inear '  constra ined
or unconstrained optimizatj.on problens.

The capabil it ies of PROSE relative to other general-purpose languages
( I 'ORTRAI. I ,  BASIC,  etc. )  wi l l  be assessed,  enabl ing par t ic ipanrs to
crit ically evaluate the uses and efficiencies of this progaming
language relative to others.

USE OF PROSE TIME-SHARING SER\tICE (2 hrs.)

Details of the TSPROSE system including log-in procedures, creation
and editing program fi les, and progre'n execution and output processing
Methods of interactive debugging and interactive control of integra-
tlon and optinization processes.

DIFFEREMIAL CALCULUS I(ADE EASY (2 hrs.)

Learn how PROSE, the newest programing language, utif izes simple
built- in calculus statements to automate such operations as l) the
calculat ior i  o f  analyt ic  par t ia l  der ivat ives for  any system of  equat ions
2)  the evaluaEion of  def in i te  in tegra ls  by a var iety  of  quadracure
methods,  and 3)  the solut ion of  systems of  ord inary d i f ferent ia l  equa-
tions (PROSE has over ten techniques built into the language including
Runge-Kut ta,  Predictor-CorrecEor,  Rat ional -ExtrapolaEion,  and Gear
nethods) .  These techniques can be easi . Iy  nested ins ide of ,  or  around,
other  bui l t - in  so lvers Eo create st ructured calculus programs.  Ex-
anples are given of such programs used to easily solve systens of
inpl ic i t  ord inary d i f ferent ia l  equat ions,  boundary value ord inary
di f ferent ia l  equat ions,  process ident i f icat ion ( f ind parameters in
systems of different,ial equations that result in optinuro solutions
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COMMENT SHEET

PROSE Calculus Applications GuideMANUAL TITLT

puBLtcArtoN No. M000170 REvtstoNA Januarrr 1977

FROM: N A M E :

BUSINESS
ADDRESS:

COMMENTS:
This form is not intended to be used as an order blank Your
t ron .  Any  er ro rs .  suggested  add i l ions  or  de le t ions ,  o r  genera l
ences .
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